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The setting

@ From now on C denotes a monoidal category with tensor product denoted by ®
and unit object K.
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The setting

o From now on C denotes a monoidal category with tensor product denoted by ®

and unit object K.
Without loss of generality, by the coherence theorems, we can assume the monoidal

structure of C strict. Then, in this talk, we omit explicitly the associativity and unit

constraints.
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The setting

@ From now on C denotes a monoidal category with tensor product denoted by ®
and unit object K.

o For simplicity of notation, given three objects V, U, B in C and a morphism
f:V — U, we write

B® f for idg ® f and f ® B for f ® idg.
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The setting

@ From now on C denotes a monoidal category with tensor product denoted by ®
and unit object K.

o For simplicity of notation, given three objects V, U, B in C and a morphism
f:V — U, we write

B® f for idg ® f and f ® B for f ® idg.
o (A,na, 1a) is a monoid with unit and product

na:K—A pua:AQA— A
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The setting

@ From now on C denotes a monoidal category with tensor product denoted by ®
and unit object K.

o For simplicity of notation, given three objects V, U, B in C and a morphism
f:V — U, we write

B® f for idg ® f and f ® B for f ® idg.
(A, na, pa) is a monoid with unit and product

na:K—A pua:AQA— A

(C,ec,d¢) is a comonoid with counit and coproduct

ec:C—o K, dc:C—CR®C.
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The setting

@ From now on C denotes a monoidal category with tensor product denoted by ®
and unit object K.

o For simplicity of notation, given three objects V, U, B in C and a morphism
f:V — U, we write

B® f for idg ® f and f ® B for f ® idg.
(A, na, pa) is a monoid with unit and product

na:K—A pua:AQA— A

(C,ec,d¢) is a comonoid with counit and coproduct
ec:C—o K, dc:C—CR®C.
o If f,g: C — A are morphisms, f * g denotes the convolution product.

frg=pao(f®g)odc.
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The setting

o If C is braided with braiding ¢, a bimonoid H is a monoid (H, 1y, pty) and a como-
noid (H, ey, dy) such that ny and py are morphisms of comonoids (equivalently,
ey and dy are morphisms of monoids).
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The setting

o If C is braided with braiding ¢, a bimonoid H is a monoid (H, 1y, pty) and a como-
noid (H, ey, dy) such that ny and py are morphisms of comonoids (equivalently,
ey and dy are morphisms of monoids).

o If moreover there exists a morphism
Ay:H—H
(called the antipode of H) such that
idy * Ay = Ay * idy = ey @ np,

we will say that H is a Hopf monoid.
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The setting

o If C is braided with braiding ¢, a bimonoid H is a monoid (H, 1y, pty) and a como-
noid (H, ey, dy) such that ny and py are morphisms of comonoids (equivalently,
ey and dy are morphisms of monoids).

o If moreover there exists a morphism
Ay:H—H
(called the antipode of H) such that
idy * Ay = Ay * idy = ey @ np,

we will say that H is a Hopf monoid.

o If H and G are Hopf monoids, f : H — G is a morphism of Hopf monoids if it is a
monoid and comonoid morphism. In this case

Agof =Ffoly.

Ramén Gonzélez Rodriguez Crossed products of crossed modules of Hopf algebras



The setting

o Let H be a Hopf monoid. An object M in C is said to be a left H-module if there
is a morphism ¢ : H® M — M in C satisfying that

dmo (@ M) =idy, ¢mo(H®dm)=¢mo (g @ M).
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The setting

o Let H be a Hopf monoid. An object M in C is said to be a left H-module if there
is a morphism ¢ : H® M — M in C satisfying that

dmo (@ M) =idy, ¢mo(H®dm)=¢mo (g @ M).

o Given two left H-modules (M, ¢p) and (N, ¢n), f : M — N is a morphism of left
H-modules if gy o (H® ) =1f o ppy.
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The setting

o Let H be a Hopf monoid. An object M in C is said to be a left H-module if there
is a morphism ¢ : H® M — M in C satisfying that

dmo (@ M) =idy, ¢mo(H®dm)=¢mo (g @ M).

o Given two left H-modules (M, ¢p) and (N, ¢n), f : M — N is a morphism of left
H-modules if gy o (H® ) =1f o ppy.

o Let (B, ¢g) be a left H-module. If B is a monoid and ng and upg are left H-module
morphisms, i.e.,

¢go(H®NB) = ey®np, dpo(HRug) = upo(dpR¢p)o(HRcH pRB)o(SHRBRB),

we will say that (B, ¢g) is a left H-module monoid.
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The setting

o Let H be a Hopf monoid. An object M in C is said to be a left H-module if there
is a morphism ¢ : H® M — M in C satisfying that

dmo (@ M) =idy, ¢mo(H®dm)=¢mo (g @ M).

o Given two left H-modules (M, ¢p) and (N, ¢n), f : M — N is a morphism of left
H-modules if gy o (H® ) =1f o ppy.

Let (B, ¢g) be a left H-module. If B is a monoid and ng and pp are left H-module
morphisms, i.e.,

¢go(H®NB) = ey®np, dpo(HRug) = upo(dpR¢p)o(HRcH pRB)o(SHRBRB),

we will say that (B, ¢g) is a left H-module monoid.

o If Bis a comonoid and eg and dg are left H-module morphisms, i.e.,

egodp =cH®ep, dpogs = (¢5® é8)oduga;

where dygp = (H® ¢y, ® B) o (04 ® dg), (B, ¢g) is said to be a left H-module
comonoid.
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The setting

e If H is a Hopf monoid, B a monoid and f : H — B a monoid morphism, the adjoint
action of H on B associated to f is defined as

adrg = pgo(ug ® B)o(f @ B® (f oAy)) o (H®cu,g)o(dn® B).

Then (B, ¢g) is a left H-module monoid with ¢p = adf 5.
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The setting

e If H is a Hopf monoid, B a monoid and f : H — B a monoid morphism, the adjoint
action of H on B associated to f is defined as

adrg = pgo(ug ® B)o(f @ B® (f oAy)) o (H®cu,g)o(dn® B).

Then (B, ¢g) is a left H-module monoid with ¢p = adf 5.

o In particular, if B = H and f = idy the action defined above (called the adjoint
action of H) is the following:

adig,, 1 = pH o (kH ® An) o (H® cp,p) o (01 ® H).

In what follows we will denote this action by ady.

Ramén Gonzélez Rodriguez Crossed products of crossed modules of Hopf algebras



Some definitions of crossed modules of Hopf monoids

Some definitions of crossed modules of Hopf monoids

© Some definitions of crossed modules of Hopf monoids
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Some definitions of crossed modules of Hopf monoids

First definition

The notion of crossed module of groups was introduced by Whitehead

o J.H.C. Whitehead. Combinatorial homotopy Il, Bull. Amer. Math. Soc. 55, 453-496,
1949.

in his investigation of the monoidal structure of second relative homotopy groups.
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Some definitions of crossed modules of Hopf monoids

First definition

The notion of crossed module of groups was introduced by Whitehead

o J.H.C. Whitehead. Combinatorial homotopy Il, Bull. Amer. Math. Soc. 55, 453-496,
1949.

in his investigation of the monoidal structure of second relative homotopy groups.

Let B, H be groups and let 5 : B — H be a group morphism. Let
¢g:Hx B — B, ég(hb)="b
be an action of H over B. The triple
Bu = (B,H,B)

is a crossed module of groups if the following identities hold:

(i) B("b) = hB(b)h~*.
(i) PO = bb’' b~ (Peiffer identity).
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Some definitions of crossed modules of Hopf monoids

First definition

The notion of crossed module of groups was introduced by Whitehead

o J.H.C. Whitehead. Combinatorial homotopy Il, Bull. Amer. Math. Soc. 55, 453-496,
1949.

in his investigation of the monoidal structure of second relative homotopy groups.

Let B, H be groups and let 5 : B — H be a group morphism. Let
¢g:Hx B — B, ég(hb)="b
be an action of H over B. The triple
Bu = (B,H,B)

is a crossed module of groups if the following identities hold:

(i) B("b) = hB(b)h~*.
(i) PO = bb’' b~ (Peiffer identity).

Groups are Hopf monoids in the category Set. Then the previous definition is a
definition of crossed module of Hopf monoids.
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Some definitions of crossed modules of Hopf monoids

First definition

The notion of crossed module of groups was introduced by Whitehead
o J.H.C. Whitehead. Combinatorial homotopy Il, Bull. Amer. Math. Soc. 55, 453-496,
1949.

in his investigation of the monoidal structure of second relative homotopy groups.

Let B, H be groups and let 5 : B — H be a group morphism. Let
¢g:Hx B — B, ég(hb)="b
be an action of H over B. The triple
Bu = (B,H,B)

is a crossed module of groups if the following identities hold:

(i) B("b) = hB(b)h~*.
(i) PO = bb’' b~ (Peiffer identity).

Groups are Hopf monoids in the category Set. Then the previous definition is a
definition of crossed module of Hopf monoids.

In this setting, Hy = (H, H, idy) is an example of is a crossed module of groups
with ¢y (h, b) = hbh™! (the adjoint action).
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ons of crossed modules of Hopf monoids

Second definition

Assume that C is symmetric with isomorphism of symmetry c. Let H be a cocom-
mutative Hopf monoid in C and let B be a Hopf monoid in C.
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Some definitions of crossed modules of Hopf monoids

Second definition

Assume that C is symmetric with isomorphism of symmetry c. Let H be a cocom-
mutative Hopf monoid in C and let B be a Hopf monoid in C.
In

o J.M. Fernandez Vilaboa, M.P. Lépez Lépez, E. Villanueva N6voa. Cat*-Hopf algebras
and crossed modules, Comm. Algebra 35, 181-191, 2007.

we can find a definition of crossed module of Hopf monoids.
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Some definitions of crossed modules of Hopf monoids

Second definition

Assume that C is symmetric with isomorphism of symmetry c. Let H be a cocom-
mutative Hopf monoid in C and let B be a Hopf monoid in C.
In

o J.M. Fernandez Vilaboa, M.P. Lépez Lépez, E. Villanueva N6voa. Cat*-Hopf algebras
and crossed modules, Comm. Algebra 35, 181-191, 2007.

we can find a definition of crossed module of Hopf monoids.

In the previous conditions, if 3 : B — H is a morphism of Hopf monoids, the triple
BH = (B7 H7 B)

is a crossed module of Hopf monoids if the following assertions hold:
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Some definitions of crossed modules of Hopf monoids

Second definition

Assume that C is symmetric with isomorphism of symmetry c. Let H be a cocom-
mutative Hopf monoid in C and let B be a Hopf monoid in C.
In

o J.M. Fernandez Vilaboa, M.P. Lépez Lépez, E. Villanueva N6voa. Cat*-Hopf algebras
and crossed modules, Comm. Algebra 35, 181-191, 2007.

we can find a definition of crossed module of Hopf monoids.

In the previous conditions, if 3 : B — H is a morphism of Hopf monoids, the triple
BH = (B7 H7 B)

is a crossed module of Hopf monoids if the following assertions hold:
(i) (B®B)odg=(BRB)ocg,gods.
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Some definitions of crossed modules of Hopf monoids

Second definition

Assume that C is symmetric with isomorphism of symmetry c. Let H be a cocom-
mutative Hopf monoid in C and let B be a Hopf monoid in C.
In

o J.M. Fernandez Vilaboa, M.P. Lépez Lépez, E. Villanueva N6voa. Cat*-Hopf algebras
and crossed modules, Comm. Algebra 35, 181-191, 2007.

we can find a definition of crossed module of Hopf monoids.
In the previous conditions, if 3 : B — H is a morphism of Hopf monoids, the triple
BH = (B7 H7 B)

is a crossed module of Hopf monoids if the following assertions hold:

(i) (B®B)odg=(BRB)ocg,gods.
(if) There exists a morphism ¢g : H ® B — B such that (B, ¢g) is a left H-module
monoid and comonoid.
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Some definitions of crossed modules of Hopf monoids

Second definition
Assume that C is symmetric with isomorphism of symmetry c. Let H be a cocom-
mutative Hopf monoid in C and let B be a Hopf monoid in C.

In

o J.M. Fernandez Vilaboa, M.P. Lépez Lépez, E. Villanueva N6voa. Cat*-Hopf algebras
and crossed modules, Comm. Algebra 35, 181-191, 2007.

we can find a definition of crossed module of Hopf monoids.

In the previous conditions, if 3 : B — H is a morphism of Hopf monoids, the triple
BH = (B7 H7 B)

is a crossed module of Hopf monoids if the following assertions hold:
(i) (B®B)odg=(BRB)ocg,gods.
(if) There exists a morphism ¢g : H ® B — B such that (B, ¢g) is a left H-module
monoid and comonoid.
(iii) The antipode of B is a morphism of left H-modules.
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Some definitions of crossed modules of Hopf monoids

Second definition

Assume that C is symmetric with isomorphism of symmetry c. Let H be a cocom-
mutative Hopf monoid in C and let B be a Hopf monoid in C.
In

o J.M. Fernandez Vilaboa, M.P. Lépez Lépez, E. Villanueva N6voa. Cat*-Hopf algebras
and crossed modules, Comm. Algebra 35, 181-191, 2007.

we can find a definition of crossed module of Hopf monoids.

In the previous conditions, if 3 : B — H is a morphism of Hopf monoids, the triple
BH = (B7 H7 B)

is a crossed module of Hopf monoids if the following assertions hold:
(i) (B®B)odg=(BRB)ocg,gods.
(if) There exists a morphism ¢g : H ® B — B such that (B, ¢g) is a left H-module
monoid and comonoid.
(iii) The antipode of B is a morphism of left H-modules.
(iv) Bo ¢ =adyo(H® B).
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Some definitions of crossed modules of Hopf monoids

Second definition

Assume that C is symmetric with isomorphism of symmetry c. Let H be a cocom-
mutative Hopf monoid in C and let B be a Hopf monoid in C.
In
o J.M. Fernandez Vilaboa, M.P. Lépez Lépez, E. Villanueva N6voa. Cat*-Hopf algebras
and crossed modules, Comm. Algebra 35, 181-191, 2007.
we can find a definition of crossed module of Hopf monoids.

In the previous conditions, if 3 : B — H is a morphism of Hopf monoids, the triple
BH = (B7 H7 B)

is a crossed module of Hopf monoids if the following assertions hold:
(i) (B®B)odg=(BRB)ocg,gods.
(if) There exists a morphism ¢g : H ® B — B such that (B, ¢g) is a left H-module
monoid and comonoid.
(iii) The antipode of B is a morphism of left H-modules.
(iv) Bo¢s = adyo(H® B).
(v) ¢g o (B ® B) = ady (Peiffer identity).
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Some definitions of crossed modules of Hopf monoids

Second definition

Assume that C is symmetric with isomorphism of symmetry c. Let H be a cocom-
mutative Hopf monoid in C and let B be a Hopf monoid in C.
In
o J.M. Fernandez Vilaboa, M.P. Lépez Lépez, E. Villanueva N6voa. Cat*-Hopf algebras
and crossed modules, Comm. Algebra 35, 181-191, 2007.
we can find a definition of crossed module of Hopf monoids.

In the previous conditions, if 3 : B — H is a morphism of Hopf monoids, the triple
BH = (B7 H7 B)

is a crossed module of Hopf monoids if the following assertions hold:
(i) (B®B)odg=(BRB)ocg,gods.
(if) There exists a morphism ¢g : H ® B — B such that (B, ¢g) is a left H-module
monoid and comonoid.
(iii) The antipode of B is a morphism of left H-modules.
(iv) Bo ¢ =adyo(H® B).
(v) ¢g o (B ® B) = ady (Peiffer identity).
In this setting, Hy = (H, H, idy) is an example of is a crossed module of Hopf
monoids for ¢y = ady because C is symmetric and H is cocommutative.
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ons of crossed modules of Hopf monoids

Third definition

Assume that Vecty is a category of vector spaces over a field K. Let H, B be Hopf
monoids (algebras) in Vectk.
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Some definitions of crossed modules of Hopf monoids

Third definition

Assume that Vecty is a category of vector spaces over a field K. Let H, B be Hopf
monoids (algebras) in Vectk.

In

o Y. Frégier, F. Wagemann. On Hopf 2-algebras, Int. Math. Res. Notices 2011, 3471-
3501, 2011.

we can find a definition of crossed module of Hopf monoids.
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Some definitions of crossed modules of Hopf monoids

Third definition

Assume that Vecty is a category of vector spaces over a field K. Let H, B be Hopf
monoids (algebras) in Vectk.
In

o Y. Frégier, F. Wagemann. On Hopf 2-algebras, Int. Math. Res. Notices 2011, 3471-
3501, 2011.

we can find a definition of crossed module of Hopf monoids.

In the previous conditions, if 8 : B — H is a morphism of Hopf monoids, the triple
BH = (87 H7 6)

is a crossed module of Hopf monoids if the following assertions hold:
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Some definitions of crossed modules of Hopf monoids

Third definition
Assume that Vecty is a category of vector spaces over a field K. Let H, B be Hopf
monoids (algebras) in Vectk.

In

o Y. Frégier, F. Wagemann. On Hopf 2-algebras, Int. Math. Res. Notices 2011, 3471-
3501, 2011.

we can find a definition of crossed module of Hopf monoids.

In the previous conditions, if 8 : B — H is a morphism of Hopf monoids, the triple
BH = (87 H7 6)
is a crossed module of Hopf monoids if the following assertions hold:

(i) There exists a morphism ¢p : H ® B — B such that (B, ¢g) is a left H-module
monoid and comonoid.

Ramén Gonzalez Rodriguez Crossed products of crossed modules of Hopf algebras



Some definitions of crossed modules of Hopf monoids

Third definition

Assume that Vecty is a category of vector spaces over a field K. Let H, B be Hopf
monoids (algebras) in Vectk.

In

o Y. Frégier, F. Wagemann. On Hopf 2-algebras, Int. Math. Res. Notices 2011, 3471-
3501, 2011.

we can find a definition of crossed module of Hopf monoids.

In the previous conditions, if 8 : B — H is a morphism of Hopf monoids, the triple
BH = (87 H7 6)

is a crossed module of Hopf monoids if the following assertions hold:

(i) There exists a morphism ¢p : H ® B — B such that (B, ¢g) is a left H-module
monoid and comonoid.
(i) Bo¢s=adyo(H®Pp).
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Some definitions of crossed modules of Hopf monoids

Third definition

Assume that Vecty is a category of vector spaces over a field K. Let H, B be Hopf
monoids (algebras) in Vectk.
In

o Y. Frégier, F. Wagemann. On Hopf 2-algebras, Int. Math. Res. Notices 2011, 3471-
3501, 2011.
we can find a definition of crossed module of Hopf monoids.
In the previous conditions, if 8 : B — H is a morphism of Hopf monoids, the triple
BH = (87 H7 6)
is a crossed module of Hopf monoids if the following assertions hold:
(i) There exists a morphism ¢g
monoid and comonoid.

H ® B — B such that (B, ¢g) is a left H-module
(if) Bo¢p =adyo(H® P).
(iii) ¢ o (8 ® B) = ady (Peiffer identity).
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Some definitions of crossed modules of Hopf monoids

Third definition

Assume that Vecty is a category of vector spaces over a field K. Let H, B be Hopf
monoids (algebras) in Vectk.
In

o Y. Frégier, F. Wagemann. On Hopf 2-algebras, Int. Math. Res. Notices 2011, 3471-
3501, 2011.

we can find a definition of crossed module of Hopf monoids.

In the previous conditions, if 8 : B — H is a morphism of Hopf monoids, the triple
BH = (87 H7 6)

is a crossed module of Hopf monoids if the following assertions hold:
(i) There exists a morphism ¢p : H ® B — B such that (B, ¢g) is a left H-module
monoid and comonoid.
(i) Bo¢s=adyo(H®Pp).
(iii) ¢ o (8 ® B) = ady (Peiffer identity).
In this setting, Hy = (H, H, idy) is not an example of is a crossed module for
¢H = ady.
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ons of crossed modules of Hopf monoids

Fourth definition

Assume that Vectk is a category of vector spaces over a field K. Let H, B, be Hopf
monoids (algebras) in Vectk.
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Some definitions of crossed modules of Hopf monoids

Fourth definition

Assume that Vectk is a category of vector spaces over a field K. Let H, B, be Hopf
monoids (algebras) in Vectk.
In

e S. Majid. Strict quantum 2-groups, arXiv:1208.6265v1, 2012.
we can find a definition of crossed module of Hopf monoids (Hopf algebra crossed
module).
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Some definitions of crossed modules of Hopf monoids

Fourth definition

Assume that Vectk is a category of vector spaces over a field K. Let H, B, be Hopf
monoids (algebras) in Vectk.
In

e S. Majid. Strict quantum 2-groups, arXiv:1208.6265v1, 2012.
we can find a definition of crossed module of Hopf monoids (Hopf algebra crossed
module).

In the previous conditions, if 3 : B — H is a morphism of Hopf monoids, the triple
BH = (87 H7 6)

is a crossed module of Hopf monoids if the following assertions hold:
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Some definitions of crossed modules of Hopf monoids

Fourth definition
Assume that Vectk is a category of vector spaces over a field K. Let H, B, be Hopf
monoids (algebras) in Vectk.
In
e S. Majid. Strict quantum 2-groups, arXiv:1208.6265v1, 2012.
we can find a definition of crossed module of Hopf monoids (Hopf algebra crossed
module).
In the previous conditions, if 3 : B — H is a morphism of Hopf monoids, the triple

BH = (87 H7 6)

is a crossed module of Hopf monoids if the following assertions hold:

(i) There exists a morphism ¢p : H ® B — B such that (B, ¢g) is a left H-module
monoid and comonoid.
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Some definitions of crossed modules of Hopf monoids

Fourth definition

Assume that Vectk is a category of vector spaces over a field K. Let H, B, be Hopf
monoids (algebras) in Vectk.
In

e S. Majid. Strict quantum 2-groups, arXiv:1208.6265v1, 2012.
we can find a definition of crossed module of Hopf monoids (Hopf algebra crossed
module).
In the previous conditions, if 3 : B — H is a morphism of Hopf monoids, the triple

BH = (87 H7 6)

is a crossed module of Hopf monoids if the following assertions hold:

(i) There exists a morphism ¢p : H ® B — B such that (B, ¢g) is a left H-module
monoid and comonoid.
(if) The antipode of B is a morphism of left H-modules.

Ramén Gonzalez Rodriguez Crossed products of crossed modules of Hopf algebras



Some definitions of crossed modules of Hopf monoids

Fourth definition

Assume that Vectk is a category of vector spaces over a field K. Let H, B, be Hopf
monoids (algebras) in Vectk.

In

e S. Majid. Strict quantum 2-groups, arXiv:1208.6265v1, 2012.
we can find a definition of crossed module of Hopf monoids (Hopf algebra crossed
module).

In the previous conditions, if 3 : B — H is a morphism of Hopf monoids, the triple

BH = (87 H7 6)

is a crossed module of Hopf monoids if the following assertions hold:

(i) There exists a morphism ¢p : H ® B — B such that (B, ¢g) is a left H-module
monoid and comonoid.

(if) The antipode of B is a morphism of left H-modules.
(iii) The identity

(b @ H)o(H® cH,g) o (04 ® B) = cng o (H® ¢g) o (0 @ B)
holds.

Ramén Gonzalez Rodriguez Crossed products of crossed modules of Hopf algebras



Some definitions of crossed modules of Hopf monoids

Fourth definition

Assume that Vectk is a category of vector spaces over a field K. Let H, B, be Hopf
monoids (algebras) in Vectk.
In

e S. Majid. Strict quantum 2-groups, arXiv:1208.6265v1, 2012.
we can find a definition of crossed module of Hopf monoids (Hopf algebra crossed
module).

In the previous conditions, if 3 : B — H is a morphism of Hopf monoids, the triple
BH = (87 H7 6)

is a crossed module of Hopf monoids if the following assertions hold:

(i) There exists a morphism ¢p : H ® B — B such that (B, ¢g) is a left H-module
monoid and comonoid.

(if) The antipode of B is a morphism of left H-modules.
(iii) The identity
(¢ @ H) o (H® cn,8) 0 (04 ® B) = cH,g o (H® ¢g) o (0w ® B)
holds.
(iv) Bo s =adno(H® B).
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Some definitions of crossed modules of Hopf monoids

Fourth definition

Assume that Vectk is a category of vector spaces over a field K. Let H, B, be Hopf
monoids (algebras) in Vectk.
In

e S. Majid. Strict quantum 2-groups, arXiv:1208.6265v1, 2012.
we can find a definition of crossed module of Hopf monoids (Hopf algebra crossed
module).

In the previous conditions, if 3 : B — H is a morphism of Hopf monoids, the triple
BH = (87 H7 6)

is a crossed module of Hopf monoids if the following assertions hold:

(i) There exists a morphism ¢p : H ® B — B such that (B, ¢g) is a left H-module

monoid and comonoid.

(if) The antipode of B is a morphism of left H-modules.

(iii) The identity
(pe ® H)o (H® cu,8) 0 (04 ® B) = cx,p o (H® ¢g) o (dn ® B)

holds.
(iv) Bog¢g=adyo(H® B).
(v) ¢g o (B ® B) = ady (Peiffer identity).
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Some definitions of crossed modules of Hopf monoids

Fourth definition

Assume that Vectk is a category of vector spaces over a field K. Let H, B, be Hopf
monoids (algebras) in Vectk.
In

e S. Majid. Strict quantum 2-groups, arXiv:1208.6265v1, 2012.
we can find a definition of crossed module of Hopf monoids (Hopf algebra crossed
module).

In the previous conditions, if 3 : B — H is a morphism of Hopf monoids, the triple
BH = (87 H7 B)

is a crossed module of Hopf monoids if the following assertions hold:
(i) There exists a morphism ¢p : H ® B — B such that (B, ¢g) is a left H-module
monoid and comonoid.
(if) The antipode of B is a morphism of left H-modules.
(iii) The identity
(¢ ® H) o (H® cn,8) o (0n ® B) = cn,p o (H® ¢g) o (6 @ B)
holds.
(iv) Bo¢p =adyo(H® B).
(v) ¢g o (B ® B) = ady (Peiffer identity).
In this setting, if the antipode of H is an isomorphism, Hy = (H, H, idy) is an
example of is a crossed module for ¢y = ady because (iii) holds and Vecty is
symmetric.
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A new definition

9 A new definition
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In this point the category C is braided with braiding ¢

Ramén Gonzalez Rodrij Crossed products of crossed modules of Hopf algebras




A new definition

In this point the category C is braided with braiding ¢

Definition

Let H be a Hopf monoid in C. We will say that a left H-module (X, ¢x) is in the
cocommutativity class of H if cy x is a morphism of left H-modules. This is equivalent
to the condition

(¢x ® H) o (H® cy,x) o (61 ® X) = ¢ © (H ® ¢x) 0 (3n ® X)
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A new definition

In this point the category C is braided with braiding ¢

Definition

Let H be a Hopf monoid in C. We will say that a left H-module (X, ¢x) is in the
cocommutativity class of H if cy x is a morphism of left H-modules. This is equivalent
to the condition

(¢x ® H) o (H® cy,x) o (61 ® X) = ¢ © (H ® ¢x) 0 (3n ® X)

| A\

Proposition

Let H and B be Hopf monoids, and let f : H — B be a bimonoid morphism. The
following assertions are equivalent.

(i) (adr,8 ® (foAn))o(H® cn,)o(6n® B) = g o ((f o An) ® ads ) o (51 ® B).

(i) B is a left H-module comonoid via ady g.
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A new definition

In this point the category C is braided with braiding ¢

Definition

Let H be a Hopf monoid in C. We will say that a left H-module (X, ¢x) is in the
cocommutativity class of H if cy x is a morphism of left H-modules. This is equivalent
to the condition

(¢x ® H) o (H® cy,x) o (61 ® X) = ¢ © (H ® ¢x) 0 (3n ® X)

| A\

Proposition

Let H and B be Hopf monoids, and let f : H — B be a bimonoid morphism. The
following assertions are equivalent.

(i) (adr,8 ® (foAn))o(H® cn,)o(6n® B) = g o ((f o An) ® ads ) o (51 ® B).

(i) B is a left H-module comonoid via ady g.

As a consequence, if Ay is an isomorphism we have that H is a left H-module comonoid
via ady if and only if (H, ady) is in the cocommutativity class of H. J
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A new definition

Definition
A left-left entwining structure on C consists of a triple (A, D, %4, p), where A is a monoid,
D a comonoid, and ¥4 p : A® D — D ® A is a morphism satisfying the conditions

(al) Yapo(na® D) = D ®na,

(a2) (D ® pa)o (Ya,p ® A) o (A®Ya,p) = Ya,p o (a ® D),
(

(

)
a3) (dp ® A)ovap =(D®vYap)o (ap® D)o (AR Ip),
a4) (ep®A)ovap =AQep.
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A new definition

Definition
A left-left entwining structure on C consists of a triple (A, D, %4, p), where A is a monoid,
D a comonoid, and ¥4 p : A® D — D ® A is a morphism satisfying the conditions

al) Yapo(na® D)= D ®@mna,
a2) (D ® pa) o (a0 ® A)o (A®Ya,p) = Yap © (ua ® D),

(

(

(a3) (bp®A)ovap =(D®vap)o (ap®D)o(ARp),
(

a4) (ep ® A)oap =ARep.
If we only have the conditions (al) and (a2) we will say that (A, D,a p) is a left-left

semi-entwining structure.
v
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A new definition

Definition

A left-left entwining structure on C consists of a triple (A, D, %4, p), where A is a monoid,
D a comonoid, and ¥4 p : A® D — D ® A is a morphism satisfying the conditions
(al) Ya,po(na® D) = D ®na,

(a2) (D @ pa) o (Ya,0 ® A) o (A® Yap) =¥a,p o (1a ® D),

(23) (op ® A) o Ya,p = (D ® Ya,p) © (Ya,0 ® D) o (A® p),

(a4) (ep®A)oYap =ARep.

If we only have the conditions (al) and (a2) we will say that (A, D,a p) is a left-left
semi-entwining structure. |

In a similar way, we can define the notions of right-right, right-left and left-right (se-J

mi)entwining structure.
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A new definition

Definition
A left-left entwining structure on C consists of a triple (A, D, %4, p), where A is a monoid,
D a comonoid, and ¥4 p : A® D — D ® A is a morphism satisfying the conditions

(al) Yapo(na® D) = D ®na,

(a2) (D ® pa)o (Ya,p ® A)o (A®+Ya,p) = Ya,p o (pa ® D),
(

(

a3) (dp ® A)oyap = (DR vYa,p)o (ap ® D)o (AR p),

a4) (ep ® A)oYap = AR ep.
If we only have the conditions (al) and (a2) we will say that (A, D, %4 p) is a left-left

semi-entwining structure.

In a similar way, we can define the notions of right-right, right-left and left-right (se-

mi)entwining structure.
For example, (A, D,¥p A : DA — A®D) will be a right-right semi-entwining structure

if conditions

(b1) ¥p,ac(D®na)=na®D,
(b2) (a® D)o (A® ¥p,a)o (Yp,a®A)=1vpao (DR pa),

hold.
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A new definition

Definition

Let X and Y be monoids and comonoids and let ¥y x : Y®X — X®Y be a morphism.
We will say that vy x is in the cocommutativity class of Y if the following equality

(Yyx ® Y)o (Y ®cy,x)o(dy ®X) = (cy % ® Y)o (Y @vy,x)o (v ®X),

holds.
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A new definition

Definition

Let X and Y be monoids and comonoids and let ¥y x : Y®X — X®Y be a morphism.
We will say that vy x is in the cocommutativity class of Y if the following equality

(Yyx ® Y)o (Y ®cy,x)o(dy ®X) = (cy % ® Y)o (Y @vy,x)o (v ®X),

holds.

Lemma

Let X and Y be monoids and comonoids and let iy x : Y®X — X® Y be a morphism
such (ex ® Y) oty x = Y ® ex holds. The following assertions are equivalent.

(i) oxey oy x = (Yy x ® Py, x)odygx.
(ii) %y, x is in the cocommutativity class of Y, and satisfy the conditions

(Ox ® Y) oy x = (X®vy.x)o (Py,x ®X)o (Y ®dx),

(X®dy)ovy x = (by x ®Y)o (Y ®cyx)o(dy ®X) (1)
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A new definition

Let X and Y be bimonoids. The following assertions are equivalent.

(i) There is a morphism ¢y x : Y ® X — X ® Y such that (Y, X,y x) is a left-
left entwining structure and (X, Y,%y x) a right-right semi-entwining structure
satisfying (1).
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A new definition

Let X and Y be bimonoids. The following assertions are equivalent.

(i) There is a morphism ¥y x : Y ® X — X ® Y such that (Y, X, vy x) is a left-
left entwining structure and (X, Y,y x) a right-right semi-entwining structure
satisfying (1)

(X®@dy)oy x =¥y x®Y)o(Y®cyx)o(dy ®X)
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A new definition

Proposition

Let X and Y be bimonoids. The following assertions are equivalent.

(i) There is a morphism ¢y x : Y ® X — X ® Y such that (Y, X,y x) is a left-
left entwining structure and (X, Y,%y x) a right-right semi-entwining structure
satisfying (1).

(ii) There is a morphism ¢x : Y ® X — X such that (X, ¢x) is a left Y-module
monoid and comonoid.
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A new definition

Proposition
Let X and Y be bimonoids. The following assertions are equivalent.

(i) There is a morphism ¢y x : Y ® X — X ® Y such that (Y, X,y x) is a left-
left entwining structure and (X, Y,%y x) a right-right semi-entwining structure
satisfying (1).

(ii) There is a morphism ¢x : Y ® X — X such that (X, ¢x) is a left Y-module
monoid and comonoid.

(i) = (ii) Define ¢px = (X ® ey) 0 ¢y x.
(i) = (i) Define ¥y x = (¢x ® Y) o (Y ® cy,x) o (0y ® X).
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A new definition

Proposition
Let X and Y be bimonoids. The following assertions are equivalent.

(i) There is a morphism ¢y x : Y ® X — X ® Y such that (Y, X,y x) is a left-
left entwining structure and (X, Y,%y x) a right-right semi-entwining structure
satisfying (1).

(ii) There is a morphism ¢x : Y ® X — X such that (X, ¢x) is a left Y-module
monoid and comonoid.

(i) = (ii) Define ¢px = (X ® ey) 0 ¢y x.
(i) = (i) Define ¥y x = (¢x ® Y) o (Y ® cy,x) o (0y ® X).

Moreover, ¥y x is in the cocommutativity class of Y iff so is (X, ¢x). J
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A new definition

Definition

Let B : X — Y be a morphism of Hopf monoids and let 1)y x : Y @ X = X ® Y be a
morphism. We will say that Xy = (X, Y, ) is a crossed module of Hopf monoids if
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A new definition

Let B : X — Y be a morphism of Hopf monoids and let 1)y x : Y @ X = X ® Y be a
morphism. We will say that Xy = (X, Y, ) is a crossed module of Hopf monoids if

(c1) (Y, X,y x) is a left-left entwining structure and (X, Y, vy x) a right-right semi-
entwining structure.
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A new definition

Definition
Let B : X — Y be a morphism of Hopf monoids and let 1)y x : Y @ X = X ® Y be a
morphism. We will say that Xy = (X, Y, ) is a crossed module of Hopf monoids if

(c1) (Y, X,y x) is a left-left entwining structure and (X, Y, vy x) a right-right semi-

entwining structure.
(c2) 1y x is in the cocommutativity class of Y.
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A new definition

Definition
Let B : X — Y be a morphism of Hopf monoids and let 1)y x : Y @ X = X ® Y be a
morphism. We will say that Xy = (X, Y, ) is a crossed module of Hopf monoids if

(c1) (Y, X,y x) is a left-left entwining structure and (X, Y, vy x) a right-right semi-

entwining structure.
(c2) 1y x is in the cocommutativity class of Y.

(c3) 1y, x satisfies (1).
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A new definition

Definition
Let B : X — Y be a morphism of Hopf monoids and let 1)y x : Y @ X = X ® Y be a
morphism. We will say that Xy = (X, Y, ) is a crossed module of Hopf monoids if

(c1) (Y, X,y x) is a left-left entwining structure and (X, Y, vy x) a right-right semi-

entwining structure.
(c2) 1y x is in the cocommutativity class of Y.
(c3) 1y, x satisfies (1).
(c4) (B®ey) oty x = ady o (Y ®B).

Ramén Gonzalez Rodriguez Crossed products of crossed modules of Hopf algebras



A new definition

Definition
Let B : X — Y be a morphism of Hopf monoids and let 1)y x : Y @ X = X ® Y be a
morphism. We will say that Xy = (X, Y, ) is a crossed module of Hopf monoids if

(c1) (Y, X,y x) is a left-left entwining structure and (X, Y, vy x) a right-right semi-

entwining structure.
(c2) 1y x is in the cocommutativity class of Y.

(c3) 1y, x satisfies (1).
(c4) (B®ey)oty x =ady o (Y ® ).
(c5) (X ®ey)ovy x o(B® X) = adx (Peiffer identity).
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A new definition

Definition

Let B : X — Y be a morphism of Hopf monoids and let 1)y x : Y @ X = X ® Y be a
morphism. We will say that Xy = (X, Y, ) is a crossed module of Hopf monoids if

(c1) (Y, X,y x) is a left-left entwining structure and (X, Y, vy x) a right-right semi-
entwining structure.

(c2) 1y x is in the cocommutativity class of Y.

(c3) vy x satisfies (1).

(c4) (B®ey)orhy x = ady o (Y ® B).

(c5) (X ®ey)ovy x o(B® X) = adx (Peiffer identity).

Equivalently, there is a morphism ¢x : Y ® X — X such that
(d1) (X, ¢x) is a left Y-module monoid and comonoid.

(d2)

(d2) Bogx = ady o (Y & B).

(d3) ¢x o (B ® X) = adx (Peiffer identity).

(X, ¢x) is in the class of cocommutativity of Y.
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A new definition

Definition

Let B : X — Y be a morphism of Hopf monoids and let 1)y x : Y @ X = X ® Y be a
morphism. We will say that Xy = (X, Y, ) is a crossed module of Hopf monoids if

(c1) (Y, X,y x) is a left-left entwining structure and (X, Y, vy x) a right-right semi-
entwining structure.

(c2) 1y x is in the cocommutativity class of Y.

(c3) vy x satisfies (1).

(c4) (B®ey)orhy x = ady o (Y ® B).

(c5) (X ®ey)ovy x o(B® X) = adx (Peiffer identity).

Equivalently, there is a morphism ¢x : Y ® X — X such that
(d1) (X, ¢x) is a left Y-module monoid and comonoid.

(d2)

(d2) Bogx = ady o (Y & B).

(d3) ¢x o (B ® X) = adx (Peiffer identity).

(X, ¢x) is in the class of cocommutativity of Y.

If Ax is an isomorphism, Xx = (X, X,idx) is a crossed module of Hopf monoids
¢x = adx. J
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A new definition

Definitiol

A morphism between two crossed modules of Hopf monoids Xy = (X, Y, ) and Tg =
(T, G,0) is a pair of Hopf monoid morphisms

u:X—->T, v:Y—=>G

such that

voB=0ou, (u®ey)orhyx = (T ®eg)ore,To(v®u).
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A new definition

Definition

A morphism between two crossed modules of Hopf monoids Xy = (X, Y, ) and Tg =
(T, G,0) is a pair of Hopf monoid morphisms

u:X—->T, v:Y—>G
such that

voB=0o0u, (uUQey)othy x =(T Qeg)othg 1o (v u).

Equivalently,
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A new definition

Definition

A morphism between two crossed modules of Hopf monoids Xy = (X, Y, ) and Tg =
(T, G,0) is a pair of Hopf monoid morphisms

u:X—->T, v:Y—>G

such that

voB=0o0u, (uUQey)othy x =(T Qeg)othg 1o (v u).

Equivalently,

Definition

A morphism between two crossed modules of Hopf monoids Xy = (X, Y,3) and Tg =
(T, G,0) is a pair of Hopf monoid morphisms u: X — T and v : Y — G such that

voB=08ou, woex=dro(vau).
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Crossed products of crossed modules of Hopf monoids

Crossed products of crossed modules of Hopf monoids

© Crossed products of crossed modules of Hopf monoids
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Crossed products of crossed modules of Hopf monoids

In the following we will to assume that C is symmetric.
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Crossed products of crossed modules of Hopf monoids

In the following we will to assume that C is symmetric.

Let X and Y be Hopf monoids and let 1y x : Y ® X — X ® Y be a morphism
such that (Y, X,y x) is a left-left entwining structure and (X, Y, vy x) a right-right
semi-entwining structure. Then the smash product of X by Y defined as

X#Y = (X ® Y, nxu#y =nx @0y, uxzy = (kx @ py) o (X @ ¢y x Q@ Y)),

is a monoid.
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Crossed products of crossed modules of Hopf monoids

In the following we will to assume that C is symmetric.

Let X and Y be Hopf monoids and let 1y x : Y ® X — X ® Y be a morphism
such that (Y, X,y x) is a left-left entwining structure and (X, Y, vy x) a right-right
semi-entwining structure. Then the smash product of X by Y defined as

X#Y = (X ® Y, nxu#y =nx @0y, uxzy = (kx @ py) o (X @ ¢y x Q@ Y)),

is a monoid.

Proposition

Let X and Y be Hopf monoids and let ¢y x : Y ® X — X ® Y be a morphism such
that (Y, X, vy x) is a left-left entwining structure and (X, Y, %y x) a right-right semi-
entwining structure such that 1y x is in the cocommutativity class of Y and (1) holds.
Then the tensor product comonoid structure is compatible with the smash product
monoid structure, making

XY =(X®Y,0xqy = NMX#Y> BXpaY = HX#Y>EXqY = EX @ €Y, Oxpay = OX®Y)

a Hopf monoid with antipode Axyy = ¥y x o (Ay ® Ax) o cx y.
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Crossed products of crossed modules of Hopf monoids

The main goal of this section is to construct the crossed product of two crossed modules
of Hopf monoids. In order to do so, in what follows we consider two crossed modules
of Hopf monoids Xy = (X, Y,8) and Tg = (T, G,9) and denote the corresponding
morphisms by 1y x and ¢ T, respectively.
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Crossed products of crossed modules of Hopf monoids

The main goal of this section is to construct the crossed product of two crossed modules
of Hopf monoids. In order to do so, in what follows we consider two crossed modules
of Hopf monoids Xy = (X, Y,8) and Tg = (T, G,9) and denote the corresponding
morphisms by 1y x and ¢ T, respectively.

Moreover, let t : Y ® T — X be a morphism and assume that
’lﬁG’)(ZG@X—)X(X)G, wT7xlT®X—>X®T7 ’lﬁG’yZG@Y—)Y(X)G

are three morphisms that induce left-left entwining structures and right-right semi-
entwining structures and such that 1 x is in the class of cocommutativity of G, 91 x
is in the class of cocommutativity of T, 1) v is in the class of cocommutativity of G,
(1) holds for the previous morphisms and the Yang-Baxter condition

(by x ® G) o (Y ® g x) o (Yg,y ® X) = (X ® g v) o (Yex®Y)o(GC®py x)

also holds.

Ramén Gonzalez Rodriguez Crossed products of crossed modules of Hopf algebras



Crossed products of crossed modules of Hopf monoids

Now define the morphism
OxaT - Y XGRIX KT = X T

as
DxpaT =

(bx ®T)o(XRtRT)o(X®Y ®IT ®eg)o (Yyx ®ve,1)o (Y ®¢Yex®T).
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Crossed products of crossed modules of Hopf monoids

The following assertions are equivalent.
(i) (X< T,dxpar) is a left Y b1 G-module.
(if) The equalities

to(ny® T) =e7 ®nx, (2)
(t®ec)o(Y®Yg,1)o(Y6,y®T) =(X®eg)opgxo(G®L), (3)
and
to(py ®T)=puxo(X®t)o(py x®T)o(YRt®T)o(YR®Y®dT) (4)
hold.
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Crossed products of crossed modules of Hopf monoids

Lemma

The following assertions are equivalent.
(i) ¢xpa7 is @ monoid morphism.
(ii) The equalities
to(Y®nr)=cy ®nx, (5)
to(Y®ur)= (6)
(bx ®er)o(t@YT1,x)o(Y @7 ®@X)o(YR®T®t)o(YQ®cy, 7®T)o(dy@T®T)
and
px o (X ®t)o(by,x ®T)o (Y ®YT x) (7)
= (kx ®eT)o(t® YT x®ey)o(YRIT®Yy x)o(Y®cy,7®X)o(dy ® T®X),
hold.
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Crossed products of crossed modules of Hopf monoids

The following assertions are equivalent.
(i) ¢éxpaT is a comonoid morphism.

(i) t is a comonoid morphism and the equality
ex,7o(t®@T)o(Y®IT)=(T®t)o(cy,7®T)o (Y ®67) (®)

holds.
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Crossed products of crossed modules of Hopf monoids

If (2) and (5) hold,
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Crossed products of crossed modules of Hopf monoids

If (2) and (5) hold,

to(ny®T)=eT®nx, to(Y®nT)="¢cy@nx
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Crossed products of crossed modules of Hopf monoids

If (2) and (5) hold, the following assertions are equivalent.
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Crossed products of crossed modules of Hopf monoids

If (2) and (5) hold, the following assertions are equivalent.

(i) (X > T, ¢xsq7) is in the cocommutativity class of Y < G.
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Crossed products of crossed modules of Hopf monoids

Lemma

If (2) and (5) hold, the following assertions are equivalent.

(i) (X > T, ¢xsq7) is in the cocommutativity class of Y < G.
(if) The equality

(t@Y)O(Y(X)Cy’T)O((sy@T):Cy,xo(Y®t)O(5y®T) (9)

holds.

Ramén Gonzalez Rodriguez Crossed products of crossed modules of Hopf algebras



Crossed products of crossed modules of Hopf monoids

Lemma

The following assertions are equivalent.
(i) (B®9) o dxpaT = adypco (Y ® GRL®I)
(ii) The equalities

((Bot)®0)o(YR0T) = (1y ®G)o(Y®(Y¢,vocy,co(Ay®D)))e(6y@T) (10)

and
(B® G)oe x =116,y o(G®P) (11)

hold.
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Crossed products of crossed modules of Hopf monoids

Lemma (Peiffer identity)

The following assertions are equivalent.
(i) dxaT 0 (BRO® X ® T) = adxpat
(if) The equalities

(t®T)o(B®dr) = (kx®@T)o(X® (Y1 xocx, 7o (Ax®T)))o(6x® T) (12)

and
Ye,x 0 (0®X) =(X®0)oyr x (13)

hold.
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Crossed products of crossed modules of Hopf monoids

In the conditions of this section, the following assertions are equivalent.

(i) Xy xTg = (X T,Y < G,8® 0) is a crossed module of Hopf monoids via
¢Xl><1T-

(ii) t is a comonoid morphism and the equalities (2), (3), (4), (5). (6), (7), (8), (9),
(10), (11), (12) and (13) hold.
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Projections

Projections

© Projections
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Projections

We assume that every idempotent morphism g : Y — Y in C splits, i.e., there exist an
object Z (image of q) and morphisms i : Z — Y (injection) and p : Y — Z (projection)
such that g=/iopand poi = idy.
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Projections

We assume that every idempotent morphism g : Y — Y in C splits, i.e., there exist an
object Z (image of q) and morphisms i : Z — Y (injection) and p : Y — Z (projection)
such that g=/iopand poi = idy.

Definition

A projection of Hopf monoids is a quartet (T, B, u, w) where T, B are Hopf monoids,
and u: T — B, w: B — T are Hopf monoid morphisms such that w o u = idr.

A morphism between projections of Hopf monoids (T, B, u, w) and (G, H, v, y) is a pair
(0,7), where : T — G, v : B — H are Hopf monoid morphisms such that

vod=vyou, dow=yor.
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Projections

o Let (T, B, u,w) be a projection of Hopf monoids. The morphism
g =pgo(B®(uoArow))ods

is an idempotent and, as a consequence, there exist an epimorphism pg, a mo-
nomorphism ig, and an object BT (submonoid of coinvariants) such that the
diagram

qB

B——B
/B

BcoT

commutes and pg 0 ig = idgeoT .
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Projections

o Let (T, B, u,w) be a projection of Hopf monoids. The morphism
g =pgo(B®(uoArow))ods

is an idempotent and, as a consequence, there exist an epimorphism pg, a mo-
nomorphism ig, and an object BT (submonoid of coinvariants) such that the
diagram

qB

B——B

5~ i

BcoT
commutes and pg 0 ig = idgeoT .
o Also, o (B® w)odg
BcoT — > B > B ® T
B®nr
is an equalizer diagram and
ng o (B®u) Ps
B ® —_—— B — BcoT

B®er

is a coequalizer diagram.
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Projections

@ The morphism ig (pg) is a monoid (comonoid) morphism, where the monoid and
comonoid structures in BT are

NgeoT = PBONB, MgeoT = Pg o kg ° (ip @ ig),

EgeoT =€B O IR, Oger = (PB® PB) 0 dp0iR

respectively.
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Projections

@ The morphism ig (pg) is a monoid (comonoid) morphism, where the monoid and
comonoid structures in BT are

NgeoT = PBONB, MgeoT = Pg o kg ° (ip @ ig),

EgeoT =€B O IR, Oger = (PB® PB) 0 dp0iR
respectively.

@ The morphism ad, g o (T ® ig) factorizes through the equalizer ig, and the facto-
rization
pgeor =ppoppo(U®ig): T® BeoT _y geoT

gives a left T-module monoid and comonoid structure for BT .
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Projections

@ The morphism ig (pg) is a monoid (comonoid) morphism, where the monoid and
comonoid structures in BT are

NgeoT = PBONB, MgeoT = Pg o kg ° (ip @ ig),

EgeoT =€B O IR, Oger = (PB® PB) 0 dp0iR
respectively.

@ The morphism ad, g o (T ® ig) factorizes through the equalizer ig, and the facto-
rization
pgeor =ppoppo(U®ig): T® BeoT _y geoT

gives a left T-module monoid and comonoid structure for BT .

o If ig is a comonoid morphism, BT is a Hopf monoid with antipode

AgeoT = PB O ABoOiR.
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Projections

@ The morphism ig (pg) is a monoid (comonoid) morphism, where the monoid and
comonoid structures in BT are

NgeoT = PBONB, MgeoT = Pg o kg ° (ip @ ig),

EgeoT =€B O IR, Oger = (PB® PB) 0 dp0iR
respectively.

@ The morphism ad, g o (T ® ig) factorizes through the equalizer ig, and the facto-
rization

pgeor =ppoppo(U®ig): T® BT _ geoT
gives a left T-module monoid and comonoid structure for BT .

o If ig is a comonoid morphism, BT is a Hopf monoid with antipode
AT = P o Agoig.

o Finally, there is a Hopf monoid isomorphism between BT pq T and B defined as
mg = pp o (ig ® u)

and with inverse TI'EI = (pg @ w) 0 dp.
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Projections

Definition

Let Tg = (T, G,0) and By = (B, H,~) be crossed modules of Hopf monoids and
assume that (T, B, u,w) and (G, H, v, y) are projections of Hopf monoids. We say that

(TG: Bn, (uv V)r (W:y))

is a projection of crossed modules of Hopf monoids if (9,) is a morphism between
(T,B,u,w) and (G, H, v, y) such that the equalities

(u®eg)otg, T =(BRen) oYy po (v u),

(w®en)otyp = (T ®cg)og,To(y®w),

hold.
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Projections

Definition

Let Tg = (T, G,0) and By = (B, H,~) be crossed modules of Hopf monoids and
assume that (T, B, u,w) and (G, H, v, y) are projections of Hopf monoids. We say that

(TG: Bn, (uv V)r (W:y))

is a projection of crossed modules of Hopf monoids if (8,~) is a morphism between
(T,B,u,w) and (G, H, v, y) such that the equalities

(u®eg)otg, T =(BRen) oYy po (v u),

(w®en)otyp = (T ®cg)og,To(y®w),
hold.

Equivalently, if ¢7 and ¢g are the left G-module and H-module monoid and comonoid
structures for T and B, respectively, and the following equalities hold:

U0¢T:¢B°(V®U)v WO¢B:¢TO(y®W)'
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Projections

Theorem

Let Tg = (T, G,9) and By = (B, H, ) be crossed modules of Hopf monoids. Let

(TG: By, (uv V)r (Wry))

be a projection of crossed modules of Hopf monoids such that ig and iy are comonoid
morphisms. Then

coT T G
B BCO s HCO

HcoG:( 70':pHO’70iB)

is a crossed module of Hopf monoids where the left H°°G-module structure for BT is

¢peoT = P © P 0 (iH ® iB).
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Projections

Theorem

Let Tg = (T, G,0) and By = (B, H,~) be crossed modules of Hopf monoids. Let

(TG7 Bh, (u7 V): (W7Y))

be a projection of crossed modules of Hopf monoids such that ig and iy are comonoid
morphisms. Then

BCOTHCOG > TG — (BcoT > —,—7 HcoG > GvX —o® (9)

is a crossed module of Hopf monoids
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Projections

Theorem

Let Tg = (T, G,9) and By = (B, H,~) be crossed modules of Hopf monoids. Let

(TG7 By, (u7 V): (Wry))

be a projection of crossed modules of Hopf monoids such that ig and iy are comonoid
morphisms. Then

BT o6 1 Tg = (BT 1 T, H®® 04 G, x = 0 ® 9)
is a crossed module of Hopf monoids and
BT 1co6 4 TG =~ By

as crossed modules of Hopf monoids.
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Projections

BCOTHCOG > Tg ~ By

Complete details in:
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Projections

BCOTHCOG > Tg ~ By

Complete details in:
Alonso Alvarez, J.N., Fernandez Vilaboa, J.M. y Gonzalez Rodriguez, R. Crossed

products of crossed modules of Hopf algebras, Theory and Applications of Categories
33, 867-897 (2018)
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Projections

BCOTHCOG > Tg ~ By

Complete details in:
Alonso Alvarez, J.N., Fernandez Vilaboa, J.M. y Gonzalez Rodriguez, R. Crossed

products of crossed modules of Hopf algebras, Theory and Applications of Categories
33, 867-897 (2018)

Thank you |
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