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Quasigroupoids

Definition

A quasigroupoid A is an ordered pair of sets A = (Ag, A1) such that:
(1) There exist maps sa : A1 — Ao, ta : A1 — Ao, and ida : Ap — Aq, called source,
target and identity, respectively, satisfying
sa(ida(x)) = ta(ida(x)) = x, V x € Ao.
(2) There exist a map, called product of A,
o A1 spXta A1 = {(a,b) € A1 X A1 ; sa(a) = ta(b)} — Ax,

defined by e(a, b) = ae b and a map Aa : A1 — A1, called the inverse map, such
that:

(2-1) For each a € Aq,
ida(ta(a)) ® a=a= aeida(sa(a))-
(2-2) For all (a,b) € Az spX1tp As,
sa(a e b) =sa(b), ta(aeb)=ta(a).
(2-3) Forall (a,b) € Az spXtp A1, (Aa(a), 2@ b) and (ae b, Aa(b)) are in Ay 5,X¢p A1 and

Aa(a)e (aeb)=b, (aeb)ela(b)=a.
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Quasigroupoids

The set Ag wil be called the base of A. We will say that a quasigroupoid A is finite
if its base is a finite set. Note that a finite quasigroupoid where |Ag| =1 is an |.P.
loop or a quasigroup in the sense of J. Klim and S. Majid.
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Quasigroupoids

The set Ag wil be called the base of A. We will say that a quasigroupoid A is finite
if its base is a finite set. Note that a finite quasigroupoid where |Ag| =1 is an |.P.
loop or a quasigroup in the sense of J. Klim and S. Majid.

A quasigroupoid is an inverse semiloopoid satisfying the unities associativity as-
sumption. These notions were introduced by J. Grabowski in

o J. Grabowski. An introduction to loopoids, Comment. Math. Univ. Carolin. 57 (2016),
515-526.

Ramén Gonzalez Rodriguez asigroupoids and weak Hopf quasigroups



Quasigroupoids

The set Ag wil be called the base of A. We will say that a quasigroupoid A is finite
if its base is a finite set. Note that a finite quasigroupoid where |Ag| =1 is an |.P.
loop or a quasigroup in the sense of J. Klim and S. Majid.
A quasigroupoid is an inverse semiloopoid satisfying the unities associativity as-
sumption. These notions were introduced by J. Grabowski in

o J. Grabowski. An introduction to loopoids, Comment. Math. Univ. Carolin. 57 (2016),

515-526.
We have that the following equalities:
sa(Aa(a)) = ta(a),
ta(Aa(a)) = sa(a),

Aa(a) o a = ida(sa(a)),

aeAa(a) = ida(ta(a)),
Aa(Aa(a)) = a,

Aa(a e b) = Aa(b) e Aa(a),

hold for all a € Ay and (a, b) € Ay s3Xt5 Az.
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Quasigroupoids

Definition

Let A, A’ be quasigroupoids. A morphism I : A — A’ between A and A’ is a pair of
maps I = (ro,rl), [o:Ag — A6, MN:A; — A;_, such that

(1) Toosa =saroly,

(2) Toota =taroly,

(3) For all x € Ag, T1(ida(x)) = idas(To(x)),

(4) For all (a,b) € A1 spxtp A1, T1(a®b) =T1(a)e’ I'1(b).
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Quasigroupoids

Definition

Let A, A’ be quasigroupoids. A morphism I : A — A’ between A and A’ is a pair of
maps I = (ro,rl), [o:Ag — A6, MN:A; — A;_, such that

(1) Toosa =saroly,

(2) Toota =taroly,

(3) For all x € Ag, T1(ida(x)) = idas(Fo(x)),

(4) For all (a,b) € A1 spxtp A1, T1(a®b) =T1(a)e’ I'1(b).

The obvious composition of quasigroupoid morphisms is a quasigroupoid morphism.
Then with QGPD we will denote the category whose objects are quasigroupoids and
whose morphisms are morphisms of quasigroupoids. With QGPD we will denote
the full subcategory of QGPD whose objects are finite quasigroupoids.
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Quasigroupoids

Let A be a quasigroup (in the sense of J. Klim and S. Majid) with product - and let X
be a set. Assume that there exists a map ¥x : A x X — X satisfying the following two
conditions:

¥x(ea,x) =x,  x(a-b,x) = x(a,x(b,x)),

for all x € X and a,b € A.
In this case we will say that ¥ x is an action of A over X. The quasigroupoid B = (Bg, B1)
associated to the action 1x is defined by the sets Bo = X, By = A X X and maps

sg : B1 — Bo, sg(a,x) = x,
tg : B1 — By, tB(a,x) = Iﬁx(a,x),
idB :Bo — B]_7 idB(X) = (eA,x).

Then, B1 sgxtg B1 = {((a,x),(b,y),) € B1 x B1 / ¥x(b,y) = x} and the product
is defined by (a,x) * (b,y) = (a- b, y). The inverse map A\g : B1 — B1 is Ag(a, x) =
(a1, 9¥x(a,x)).
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Quasigroupoids

Let A be a quasigroup (in the sense of J. Klim and S. Majid) with product - and let X
be a set. Assume that there exists a map ¥x : A x X — X satisfying the following two
conditions:

¥x(ea,x) =x,  x(a-b,x) = x(a,x(b,x)),

for all x € X and a,b € A.
In this case we will say that ¥ x is an action of A over X. The quasigroupoid B = (Bg, B1)
associated to the action 1x is defined by the sets Bo = X, By = A X X and maps

sg : B1 — Bo, sB(a,x) = x,

tg : B1 — Bo, tB(a,x) = Iﬁx(a,x),
idB 5 Bo — B]_7 idB(X) = (eA,x).

Then, B1 sgxtg B1 = {((a,x),(b,y),) € B1 x B1 / ¥x(b,y) = x} and the product
is defined by (a,x) * (b,y) = (a- b, y). The inverse map A\g : B1 — B1 is Ag(a, x) =
(a1, 9¥x(a,x)).

As was proved in
o Alonso Alvarez, J.N., Fernandez Vilaboa, J.M., Gonzalez Rodriguez, R. Quasigrou-
poids and weak Hopf quasigroups Journal of Algebra 568, 408-436 (2021)

examples of this kind can be obtained by working with Moufang loops of small
order and the 4-dimensional Taft Hopf algebra.
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Quasigroupoids

Definition

Let A and H be quasigroupoids with products e and * and with the same base. A left
action of H on A is a map @ : Hi s;xt4 A1 — Ag, satisfying:

(1) For all (h,a) € Hy sxts A1, ta(pa(h, a)) = tu(h).
(2) Forall (h,a) € Hy sxtp A1, (g, h) € H1 X1y H1, oa(gxh,a) = oa(g, pa(h, a)).
(3) For all a € A1, pa(idu(ta(a)), a) = a.
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Quasigroupoids

Definition

Let A and H be quasigroupoids with products e and * and with the same base. A left
action of H on A is a map @ : Hi s;xt4 A1 — Ag, satisfying:

(1) For all (h,a) € Hy sxts A1, ta(pa(h, a)) = tu(h).
(2) Forall (h,a) € Hy sxtp A1, (g, h) € H1 X1y H1, oa(gxh,a) = oa(g, pa(h, a)).
(3) For all a € A1, pa(idu(ta(a)), a) = a.

Similarly, a right action of A on H is a map ¢y : Hy g%ty A1 — Hi, satisfying:

(1) For all (h,a) € Hy syxta A1, sH(PH(h,a)) = sa(a)-

(2) Forall (h,a) € H1 s<ts A1, (a, b) € A1 spXta A1, dH(h, 3@ b) = dn(Pn(h, a), b),
(3) Forall h € Hy, ¢u(h, ida(sn(h))) = h.
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Quasigroupoids

Definition

A matched pair of quasigroupoids is a pair of quasigroupoids (A, H) with the same base
together with a left action of H on A, pa : Hi sp<ta A1 — Az, and a right action of A
on H, ¢y : Hy gxty, A1 — Hi, satisfying the following properties:

(1) For all (h,a) € Hy gx¢tp A1,
sa(pa(h; a)) = tu(n(h, a)).
(2) For all (h,a) € Hy s,%ts A1 and (a, b) € A1 spXtp A1,
©a(h,a e b) =pa(h,a) e pa(H(h, a), b).

(3) For all (h,a) € Hy sXts A1 and (g, h) € H1 sty Hi,

oH(g * h,a) = Pu(g, wa(h, a)) x pu(h, a).
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Quasigroupoids

Let (A, H) be a matched pair of quasigroupoids. For all a, b € A1, g, h € Hy for which
the operations are defined, the following identities hold:

ea(h, ida(sn(h))) = ida(tn(h)),
Sn(idu(ta(a)), a) = idn(sa(a)),
Aa(pa(h, a)) = wa(Pu(h, a), Aa(a)),
An(dn(h; 2)) = o (An(h), pa(h, 2))
(bepa(h,a)) e walpu(h,a),\a(a)) = b,
Sn(An(h), pa(h, a)) x (ou(h,a) xg) = g,
oa(An(n(h, a)), Aa(palh, a))) = Aa(a),
S (An(Pn(h, ), Aa(pa(h, @) = Au(h),
Aa(a) @ oa(An(h), b) = oa(Au(PH(h, ), Aa(pa(h, 2)) e b),
BH(g: Aa(a)) * An(h) = dn(g * A (@n(h, a)), Aa(wa(h, a))).
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Quasigroupoids

Theorem

Let (A, H) be a matched pair of quasigroupoids. The pair
A< H = ((AaH)o, (AxiH)1),

where (A > H)o = Ao, (A > H)1 = A1 spx¢y Hi, is a quasigroupoid with source
morphism sasqu(a, h) = sy(h), target morphism tapqn(a, h) = ta(a), identity map
idasan (X) = (ida(x), idn(x)), product

(a’g)“l’(b’ h) = (a O \U1(g, b): \Uz(g, b) * h)7

where W : Hy gx<tp A1 — A1 sp<ey Hi is the map with components W1(g, b) = ¢al(g, b)
and Wa(g, b) = ¢n(g, b), and inverse map

AasH (8, h) = W(Au(h), Aa(a))-
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Quasigroupoids

Theorem

Let (A, H) be a matched pair of quasigroupoids. The pair
A< H = ((AaH)o, (AxiH)1),

where (A > H)o = Ao, (A > H)1 = A1 spx¢y Hi, is a quasigroupoid with source
morphism sasqu(a, h) = sy(h), target morphism tapqn(a, h) = ta(a), identity map
idasan (X) = (ida(x), idn(x)), product

(a’g)‘W(b’ h) = (a O \U1(g, b): \Uz(g, b) * h)7

where W : Hy gx<tp A1 — A1 sp<ey Hi is the map with components W1(g, b) = ¢al(g, b)
and Wa(g, b) = ¢n(g, b), and inverse map

AasH (8, h) = W(Au(h), Aa(a))-

Definition

Let (A, H) be a matched pair of quasigroupoids. The quasigroupoid A 1 H will be called
the double crossed product or the diagonal quasigroupoid of A and H.
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Quasigroupoids

Theorem

Let (A,H) be a matched pair of quasigroupoids. Then, A and H are subquasigroupoids
of A b H where
i* A= AnaH

is defined by iA = (if* : Ao — (A<t H)o, if* : Ay — (A > H)1) with

i& = idag, (a) = (a, idu(sa(a))),

and iH : H — At H is defined by it = (i}! : Ag = (A1 H)o, it : Hy — (A 1 H)1)
where
it =idny, it'(g) = (ida(tn(g)), &),
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Quasigroupoids

Let A, H and B be quasigroupoids with the same base. Assume that A and H are
subquasigroupoids of B with associated monomorphisms i* : A — B and i : H - B
satisfying that i(',A = i('J'| = idp,- Let ¢ be the product defined in B. Then we will say
that [A, H] is an exact factorization of B, if in the case that the products involved are
defined, we have that

(i) M(g) o (If(a) o iA(b)) = (M(g) o i*(a)) o IA(b),
(i) iM(g) o (IF(h) o i*(a)) = (M (g) o iM(h)) 0 ir(a),
(iii) M (h) o (if(a) o iM(F)) = (T (h) o i*(a)) o M (F),
(iv) iA(e) o (iF(h) o iR(a)) = (if(c) o M(h)) o iA(a),
(v) iA(a) o (iIf(b) o M(g)) = (if(a) o iA(b)) o M (g),
(vi) i*(a) o (M(g) o iM(h)) = (if(a) o H(h)) o iM(g)
hold and

(vii) The map g = oo (i x i) : A1 sux¢y H1 — By is a bijection.
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Quasigroupoids

Let [A, H] be an exact factorization of a quasigropupoid B. Then, there exists a matched
pair of quasigroupoids (A, H) and an isomorphism of quasigroupoids between A <1 H
and B.
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Quasigroupoids

Theorem

Let [A, H] be an exact factorization of a quasigropupoid B. Then, there exists a matched
pair of quasigroupoids (A, H) and an isomorphism of quasigroupoids between A <1 H
and B.

Example

Let A be a quasigroup with product - and let X be a set. Assume that there exists an
action of A over X denoted by ¢)x : Ax X — X. Let B = (Bg, B1) be the quasigroupoid
associated to the action 1 x. Let X? be the discrete groupoid. Then, (Xd, B) is a matched
pair of quasigroupoids where pyd((a,x),x) = ¥x(a,x) and ¢g((a, x),x) = (a,x). In
this case the diagonal quasigroupoid X9 < B, is defined by

(X9 >aB)o = X, (X?aB)1 =X{ s Xe5 B1,
st|>qB(.y7 (a)X)) =X, txdqu(.yz (a)X)) =Y, idXdqu(X) = (X) (eA’X))y

(v, (a,x))-w(x, (b, 1)) = (v, (a- b, 1))

and

Axdpap (¥: (2,X)) = (¥x (a1, y), (a7, ).

Ramén Gonzélez Rodriguez Quasigroupoids and weak Hopf quasigroups



Weak Hopf quasigroups

Weak Hopf quasigroups

© Weak Hopf quasigroups
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Weak Hopf quasigroups

Definition

A weak Hopf quasigroup in K-Vect is a K-vector space H such that it is a unital magma
with product py(h®g) = hg and unit 1 and a coalgebra with coproduct Ay and counit
ey, satisfying the following conditions for all h, k, | € H:

(1) (hk)@) ® (hk)(2) = hayka) ® h2)k).

(2) en((hk)l) = en(h(kl)) = en(hkea))en(key!) = en(hkez))en(kayl)-

() 10) ® 1) ® 1) = 1) ® L)L) ® L2r) = 1) ® L)L) @ L2)-

(4) There exists a linear map Ay : H — H (called the antipode of H) such that, if
I'IL : H — H is the K-linear map defined by ML, = idy * Ay (target morphism) and
I_IZ : H — H is the K-linear map defined by I_IE = Ay * idy (source morphism),

(4-1) Ng(h) = en(Layh)le).-

(4-2) NF(h) = en(hl(z)la).-

(4-3) Ay = An Nk = r|5 * Ah.

(4-4) Au(hay)(hz)k) = NF(h)k.
(4-5) h 1)(>\H(h<z Yk) = M (h)k.
(4-6) (hk@))AH(k@2)) = h”H(k)
(4-7) (hAu(ka))ka) = ANE (k).
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Weak Hopf quasigroups

Definition

A weak Hopf quasigroup in K-Vect is a K-vector space H such that it is a unital magma
with product py(h®g) = hg and unit 1 and a coalgebra with coproduct Ay and counit
ey, satisfying the following conditions for all h, k, | € H:

(1) (hk)@) ® (hk)(2) = ha)yka) ® h2)ke)-

(2) en((hk)I) = en(h(kl)) = en(hke))en(ke)!l) = en(hkz))en(ka)!)-

() 10) ® 1) ® 1) = 1) ® L)L) ® L2r) = 1) ® L)L) @ L2)-

(4) There exists a linear map Ay : H — H (called the antipode of H) such that, if
I'IL : H — H is the K-linear map defined by ML, = idy * Ay (target morphism) and
I_IZ : H — H is the K-linear map defined by I_IE = Ay * idy (source morphism),

(4-1) M(h) = en(layh)le).

(4-2) NE(h) = en(hl(z))La)-

(4-3) A=Ay * Nk = r|5 * Ap.

(4-4) An(hq))(h@yk) = NE (k.
(4-5) h 1)(>\H(h(z )k) = My (h)k.
(4-6) (hk@))An(ke)) = h”H(k)
(4-7) (hAu(k))ka) = AMF(K).

o J. N. Alonso Alvarez, J. M. Fernandez Vilaboa, R. Gonzalez Rodriguez, Weak Hopf
quasigroups, Asian J. of Math. 20 (2016), 665-694.
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Weak Hopf quasigroups

Example

Let K be a field and let A = (Ag, A1) be a finite quasigroupoid. The quasigroupoid
magma K[A] defined by
K[A] = € Ka

acA1

is a cocommutative weak Hopf quasigroup with unit 1 = Z ida(x), product
x€Ao

ae b, if (a,b) € Ay spXtp A1,
pxia)(a ® b) =
0, if (a,b) & A1 spXta A1,

counit eg[aj(a) = 1k, coproduct Agjaj(a) = a ® a and antipode Ag[aj(a) = Aa(a) on
the basis elements.
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Weak Hopf quasigroups

If H is a weak Hopf quasigroup, the target and source maps are idempotent.
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Weak Hopf quasigroups

If H is a weak Hopf quasigroup, the target and source maps are idempotent.

The antipode of a weak Hopf quasigroup H is unique, Ayony = ny, EHOAy = €H
and is antimultiplicative and anticomultiplicative, i.e.,

An(hg) = Au(g)An(h),
A(h)ay ® An(h)2) = Au(hz)) @ An(hy)
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Weak Hopf quasigroups

If H is a weak Hopf quasigroup, the target and source maps are idempotent.

The antipode of a weak Hopf quasigroup H is unique, Ayony = ny, EHOAy = €H
and is antimultiplicative and anticomultiplicative, i.e.,

An(hg) = Au(g)An(h),
A(h)ay ® An(h)2) = Au(hz)) @ An(hy)

If H, is the subspace defined by the image of the target morphism and h € Hj, the
following identities hold:

(hk)I = h(kl), k(hl) = (kh)I, k(Ih) = (KI)h,

for all k,/ € H.

Ramén Gonzalez Rodriguez Quasigroupoids and weak Hopf quasigroups



Weak Hopf quasigroups

If H is a weak Hopf quasigroup, the target and source maps are idempotent.
The antipode of a weak Hopf quasigroup H is unique, Ayony = ny, EHOAy = €H
and is antimultiplicative and anticomultiplicative, i.e.,
An(hg) = Au(g)An(h),
Au(h)(1) ® An(h)2) = Anlhzy) @ An(hey)
If H, is the subspace defined by the image of the target morphism and h € Hj, the
following identities hold:
(hk)I = h(kl), k(hl) = (kh)I, k(Ih) = (kl)h,

for all k,/ € H.

As a consequence, the unital magma H; is an algebra in K-Vect, where the unit is
1HL = I'I,L_,(l) and HH, = I'I,L_, O UH-

For the image of the source morphism, denoted by Hg, we have similar properties.
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Weak Hopf quasigroups

Let H be a weak Hopf quasigroup. The algebras H; and Hg are separable, finite dimen-
sional and semisimple.
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Weak Hopf quasigroups

Let H be a weak Hopf quasigroup. The algebras H; and Hg are separable, finite dimen-
sional and semisimple.

As was proved in

o J. N. Alonso Alvarez, J. M. Fernandez Vilaboa, R. Gonzalez Rodriguez, Weak Hopf
quasigroups, Asian J. of Math. 20 (2016), 665-694.

weak Hopf quasigroups and weak Hopf algebras satisfy similar properties for the
. =L =R
morphisms target, source and Iy, My : H — H, where

—=L —=R
Ny(h) = en(lzyh)lay, Ng(h) =en(hly)lz)-
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Weak Hopf quasigroups

Definition

Let H, H' be weak Hopf quasigroups. We will say that a K-linear map f : H — H’ is a
morphism of weak Hopf quasigroups if it is a coalgebra morphism such that

Nk of =rfong,
ﬁ,L.,/of:foﬁ,L_,,

Nk, onk, of =fonfonk,
fopy=pp o(f®f)oVy,

hold, where Vi, : H® H — H ® H is the idempotent K-linear map defined by

Vi(h® k) = hay ® Nf(h2))k.
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Weak Hopf quasigroups

Definition

Let H, H' be weak Hopf quasigroups. We will say that a K-linear map f : H — H’ is a
morphism of weak Hopf quasigroups if it is a coalgebra morphism such that

Nk of =rfong,
ﬁ,L.,/of:foﬁ,L_,,

Nk, onk, of =fonfonk,
fopy=pp o(f®f)oVy,

hold, where Vi, : H® H — H ® H is the idempotent K-linear map defined by

Vi(h® k) = hay ® Nf(h2))k.

@ The previous definition is similar to the one introduced in

o G. Bohm, J. Gomez-Torrecillas, E. Lépez Centella, On the category of weak bialge-
bras, J. Algebra 399 (2014), 801-844.

for weak Hopf algebras.
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Weak Hopf quasigroups

Theoorem

Let K be a field and let I = (I'g, 1) : A — A’ be a morphism of finite quasigroupoids.
Then the linear extension K[I'1] : K[A] — K[A'], K[l'1](a) = 1(a), is a morphism of
weak Hopf quasigroups that we will denote by K[I].
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Weak Hopf quasigroups

Theoorem

Let K be a field and let I = (I'g, 1) : A — A’ be a morphism of finite quasigroupoids.
Then the linear extension K[I'1] : K[A] — K[A'], K[l'1](a) = 1(a), is a morphism of
weak Hopf quasigroups that we will denote by K[I].

Theorem

| A\

There exists a functor, called the WHQ-functor,

F: QGPD — WHQ

defined on objects by F(A) = K[A] and on morphisms by F(I') = K[I].
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Grouplike elements for weak Hopf quasigroups

Grouplike elements for weak Hopf quasigroups

© Grouplike elements for weak Hopf quasigroups

Ramén Gonzélez Rodriguez Quasigroupoids and weak Hopf quasigroups



Grouplike elements for weak Hopf quasigroups

Let H be a weak Hopf quasigroup and G(H) its set of group-like elements as a
coalgebra. If g € H is a grouplike element of H, then so are Mk (g), N&(g) and
AH(g)-
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Grouplike elements for weak Hopf quasigroups

Let H be a weak Hopf quasigroup and G(H) its set of group-like elements as a
coalgebra. If g € H is a grouplike element of H, then so are Mk (g), N&(g) and
AH(g).

The group-like elements of H are linearly independent and the subspace Hg is a
finite dimensional algebra. Therefore, the cardinality of G(H) N Hg is finite.
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Grouplike elements for weak Hopf quasigroups

Theorem

Let H be a weak Hopf quasigroup. The ordered pair of sets T (H) = (T (H)o, 7 (H)1),
where

T(H)o = G(H)NHg, T(H)1 = G(H),
is a finite quasigroupoid where the source, target and identity morphisms
5:T(H)1— T(H)o, t:T(H)1— T(H)o, i0:T(H)o— T(H)1,
are defined by
=L .
s(g) =Nf(e), te)=TMpe), () =r,

the product
* T(H)l sXt T(H)l — T(H)l

is defined by h x g = hg, and the inverse map A : T(H)1 — T (H)1 is A(g) = Au(g)-
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Grouplike elements for weak Hopf quasigroups

Let f : H — H’ be a morphism of weak Hopf quasigroups. The pair 7(f) =
(T(f)o, T(f)1), where

T(f)o 8 T(H)o = T(Hl)o, T(f)]_ 5 T(H)]_ = T(H/)]_

are the maps defined by 7(f)o(r) = f(r) and 7(f)1(g) = f(g), is a morphism of
quasigroupoids between T (H) and T(H').
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Grouplike elements for weak Hopf quasigroups

Theorem

Let f : H — H’ be a morphism of weak Hopf quasigroups. The pair 7(f) =
(T(f)o, T(f)1), where

T(f)o 8 T(H)o = T(Hl)o, T(f)]_ 5 T(H)]_ = T(H/)]_

are the maps defined by 7(f)o(r) = f(r) and 7(f)1(g) = f(g), is a morphism of
quasigroupoids between T (H) and T(H').

Theorem

There exists a functor, called the QGPD-functor,

L: WHQ — QGPD

defined on objects by L(H) = 7 (H) and on morphisms by L(f) = 7(f).
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Grouplike elements for weak Hopf quasigroups

The WHQ-functor is left adjoint of the QGPD-functor.
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Categorical equivalences

Categorical equivalences

@ Categorical equivalences
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Categorical equivalences

The functors F and L induce an equivalence between the category QGPD and the full
subcategory of WHQ of all pointed cosemisimple weak Hopf quasigroups over a given
field K.
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Categorical equivalences

Theorem

The functors F and L induce an equivalence between the category QGPD and the full
subcategory of WHQ of all pointed cosemisimple weak Hopf quasigroups over a given
field K.

| N

Corollary

The functors F and L induce an equivalence between the category QGPD and the full
subcategory of WHQ of all cocommutative cosemisimple weak Hopf quasigroups over
an algebraically closed field K.

v
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Categorical equivalences

Theorem

The functors F and L induce an equivalence between the category QGPD and the full
subcategory of WHQ of all pointed cosemisimple weak Hopf quasigroups over a given
field K.

| N

Corollary

The functors F and L induce an equivalence between the category QGPD and the full
subcategory of WHQ of all cocommutative cosemisimple weak Hopf quasigroups over
an algebraically closed field K.

v

@ In the associative setting (replace qusigroupoids by groupoids), the previous results
are the ones proved in

o G. Bohm, J. Gémez-Torrecillas, E. Lopez Centella, On the category of weak bialge-
bras, J. Algebra 399 (2014), 801-844.

for weak Hopf algebras.
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Categorical equivalences

The category of quasigroups is equivalent to the one of pointed cosemisimple Hopf
quasigroups over a given field K.
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Categorical equivalences

The category of quasigroups is equivalent to the one of pointed cosemisimple Hopf
quasigroups over a given field K.

Corollary

| \

The category of quasigroups is equivalent to the one of cocommutative cosemisimple
Hopf quasigroups over an algebraically closed field K.
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An isomorphism

An isomorphism

© An isomorphism
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An isomorphism

Let (A, H) be a matched pair of finite quasigroupoids. Let pa be the left action of
H on A and let ¢y be a right action of A on H. Then, we can define the following

morphisms in K-Vect by:

@A(h7 a) if (h7 a) €Hy spXta Ay
wxia) : KHI®K[A] — K[A],  pgia)(h®a) =
0 otherwise,

(ﬁH(/’I7 a) if (h, 8) € Hy suXta A1

brep) - K[HI®K[A] = K[A], - iy (h®a) =
0 otherwise.
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An isomorphism

The pair (K[A], ¢x(a]) is an example of left module over the unitary magma
KI[H]. Similarly, (K[H], ¢gnj) is an example of right module over the unitary
magma K[A].
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An isomorphism

Let & : K[H] ® K[A] — K[A] ® K[H], Vo : K[A] ® K[H] — K[A] ® K[H] be the
morphisms in K-Vect defined by

& = (pkia) ® driH)) © (dkia) ® ckiH)KA] @ idiiH)) © (Sx[H] © dKkia])

and
Vo = (pxia) ® idgny) o (idga) @ (P o (idi) ® 1k(a))))-
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An isomorphism

Then,
oa(h,a) ® pu(h,a) if (h,a) € Hy gxen Ar
d(h®a)=
0 otherwise,
and
a® h if (a, h) c A saXty Hy
Vo(a® h) =

0 otherwise.
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An isomorphism

Therefore, V¢ is an idempotent morphism with image

Im(Ve) = ({a® h / (a,h) € Ax syxey H1}).

Ramén Gonzalez Rodriguez sigroupoids and weak Hopf quasigroups



An isomorphism

Therefore, Vo is an idempotent morphism with image
Im(Vo)=({a®h / (a,h) € A1 spX ey H1}).

If we denote by K[A] 1 K[H] the image of Vg, in this K-vector space we can
define a product by

BrAp<kiH] = (Hk(a] ® pxHy) © (idka)] @ P ® idigqn))-
Then,
aepp(h,b)® da(h,b)*g if (h,b) € H1 s Xt A1
BrAI<K[H] (a®h®@bRE) =

0 otherwise.
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An isomorphism

Theorem

Let (A, H) be a matched pair of finite quasigroupoids. Then
K[A] <t K[H]

is a cocommutative weak Hopf quasigroup with unit

LAl = D, ida(x) ® idn(x),
x€EAg

product pg[ap<x[H] and where for all not nulll element a® h € K[A] < K[H], the counit
is defined by exjajx[H] (@ ® h) = 1, the coproduct by dxjajskH] (2@ h) = a®@h®a® h
and the antipode by

Ax[Al<[H] (2 ® h) = pa(An(h), Aa(a)) ® dr(An(h), Aa(a)).
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An isomorphism

Let (A, H) be a matched pair of finite quasigroupoids. The cocommutative weak Hopf
quasigroups K[A <t H] and K[A] <t K[H] are isomorphic in WHQ.
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An isomorphism

Let (A, H) be a matched pair of finite quasigroupoids. The cocommutative weak Hopf
quasigroups K[A <t H] and K[A] <t K[H] are isomorphic in WHQ.

| A\

Corollary

Let (A, H) be a matched pair of quasigroups. The cocommutative Hopf quasigroups
K[A <t H] and K[A] < K[H] are isomorphic in the category of Hopf quasigroups.
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An isomorphism

Theorem

Let (A, H) be a matched pair of finite quasigroupoids. The cocommutative weak Hopf
quasigroups K[A <t H] and K[A] <t K[H] are isomorphic in WHQ.

| A\

Corollary

Let (A, H) be a matched pair of quasigroups. The cocommutative Hopf quasigroups
K[A <t H] and K[A] < K[H] are isomorphic in the category of Hopf quasigroups.

Thank you

D

Ramén Gonzalez Rodriguez Quasigroupoids and weak Hopf quasigroups



	Quasigroupoids
	Weak Hopf quasigroups
	Grouplike elements for weak Hopf quasigroups
	Categorical equivalences
	An isomorphism

