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Preliminaries

o From now on C denotes a braided monoidal category with tensor product denoted
by ® and unit object K. With ¢ we will denote the braiding.
Recall that a monoidal category is a category C equipped with a tensor product
functor ® : C x C — C, a unit object K of C and a family of natural isomorphisms

aM,N’p:(M®N)®P—>M®(N®P),
m-MIK-—->M, Iy:KQM-— M,

in C (called associativity, right unit and left unit constraints, respectively) satisfying
the Pentagon Axiom and the Triangle Axiom, i.e.,

am,N,PeQ © aman,p,Q = (idu @ anp,Q) © am,nwP,Q © (am,n,p © idQ),

(idy ® In) 0 am, kv = rv @ idpy,
where idx denotes the identity morphism for each object X in C.
On the other hand, C is braided if for any couple (M, N) of objects in the category
there exists a natural isomorphism

un MON - NSM
satisfying the Hexagon Axiom
an,p,m © cm,ngP © am,n,p = (idy ® cu,p) 0 an,m,p © (cu,n @ idp),

-1 —1 . —1 .
ap N © EMan,P O ay y p = (Cm,p ® idy) o ay p o (idu ® cn,p),
for all M, N and P in C.
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Preliminaries

@ Taking into account that every non-strict monoidal category is monoidal equivalent
to a strict one (the constraints are identities), we can assume without loss of
generality that the category is strict and, as a consequence, the results contained
in this talk remain valid for every non-strict braided monoidal category.

o We also assume that every idempotent morphism g : Y — Y in C splits (C
is Cauchy complete), i.e. there exist an object Z (called the image of g) and
morphisms i : Z— Y and p: Y — Zsuchthat g=iopand poi=idz.

The categories satisfying this property constitute a broad class that includes, among
others, the categories with epi-monic decomposition for morphisms and categories
with equalizers or coequalizers.

o For simplicity of notation, given three objects V, U, M in C and a morphism
f:V — U, we write

M® f for idy ® f and f @ M for f ® idy.
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@ The triple (A, na, pta) is a unital magma, if na : K — A (unit) and pa : AQA — A
(product) are morphisms in C such that

pao (A®na) = ida = pao (na ® A).
If (A,ma,pa) is a unital magma and
pao(A® pa) = pao (na® A)

we will say that A is an algebra.

Let (A,na,pa) and (B, ng, ug) be unital magmas (algebras). A morphism
f:A—> B
in C is a morphism of unital magmas if

ng="fomna, fousa=upgo(f®f).
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The triple (C,e¢,dc) is a counital comagma with comultiplication §¢ and counit
o (ec®C)odc =idc =(C®ec)odc
If moreover, the following identity holds
(bc®C)odc =(CRHc)odc
we will say that (C,ec,dc) is a coalgebra.
Let (C,ec,d¢c) and (D,ep,dp) be counital comagmas (coalgebras). A morphism
f:C—D

in C is a morphism of counital comagmas if

ec=¢epof, dpof=(f®Ff)odc.

If f,g : C — A are morphisms between a counital comagma C and a unital magma
A,
fxg

denotes the convolution product defined by f x g = a0 (f ® g) o dc.
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e J.N. Alonso Alvarez, J.M. Fernandez Vilaboa and R. Gonzalez Rodriguez:
Weak Hopf quasigroups, Asian Journal of Mathematics 20, N. 4, 665-694 (2016),
arXiv:1410.2180.

e J.N. Alonso Alvarez, J.M. Fernandez Vilaboa and R. Gonzalez Rodriguez: A
characterization of weak Hopf (co)quasigroups, Mediterranean Journal of Mathe-
matics 13, N. 5, 3747-3764 (2016), arXiv:1506.07664.

o J.N. Alonso Alvarez, J.M. Fernandez Vilaboa and R. Gonzalez Rodriguez Qua-
sigroupoids and weak Hopf quasigroups, Journal of Algebra 568, 408-436 (2021).

o R. Gonzalez Rodriguez Weak Hopf quasigroups and matched pairs of quasigrou-
poids (preprint) (2022).
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Weak Hopf quasigroups

A weak non associative bialgebra H in C is a unital magma (H, ny, uy) and a coalgebra
(H,eH, ) such that the following axioms hold:

(al) 6 0 prr = (it ® i) 0 (H® iy ® H) o (61 ® 61).

(a2)  enopno(un ® H) = ((en o ur) ® (eH © pr)) o (H ® 61 @ H)
= ((enopn)®(eHopun)) o (H® (C;,l,_, o dy) ® H).

(@3)  (dp®@H)odnony =(H® pun ® H)o ((61onH) ® (61 0nH))
= (H® (un o ciy) ® H) o (81 0 ) ® (1 © 1))

o If the product upy is associative, the previous notion is the one of weak bialgebra
in a braided monoidal category.

o If the product ppy is associative and ey and oy are algebra morphisms, we have
the notion of bialgebra in a braided monoidal category.

o If the ey and dy are morphisms of unital magmas, we have the notion of non
associative bialgebra in a braided monoidal category.
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Definition

A weak Hopf quasigroup H in C is a weak non associative bialgebra for which exists an
endomorphism Ay : H — H in C (called the antipode of H) such that, if we denote by
Mk, (target morphism) and by M (source morphism) the morphisms

NE = ((en 0 pr) ® H) o (H® cyn) o (31 0 ny) ® H),

NE = (H® (en 0 1m)) 0 (i, @ H) o (H & (81 © 1)),
The foIIowing equalities hold:
1) Ny = idy * Apy.
) I_IE = Ay * idy.
) Am M =N« Xy = Ay
) i 0 (AH ® k) o (65 ® H) = py o (NE @ H).
) pro(H®pun)o(H® Ay ® H) o (8n ® H) = pp o (M ® H).
) bk o (uH ® An) o (H® 8k) = uy o (HRME).
) tr o (pr ® H) o (H® Ay ® H) o (H® dn) = py o (H @ NE).

(b-

(b-2
(b-3
(b-4
(b5
(b-6
(b-7
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If the product py is associative, the previous notion is the one of weak braided
Hopf algebra introduced in

J.N. Alonso Alvarez, J.M. Fernandez Vilaboa and R. Gonzalez Rodriguez, Weak
braided Hopf algebras, Indiana University Mathematics Journal 57, No. 5, 2423-2458
(2008).
o If the product py is associative and C = gVect, weak Hopf quasigroups are weak
Hopf algebras as was defined by:
G. Bohm, F. Nill, K. Szlachanyi, Weak Hopf algebras, |. Integral theory and C*-
structure, J. Algebra 221, 385-438 (1999).
o If the product py is associative and ey and &y are morphisms of algebras, we have
the notion of Hopf algebra in a braided monoidal category.
o If ey and §y are morphisms of unital magmas and C = gVect, we get the notion
of Hopf quasigroup defined in:
J. Klim, S. Majid, Hopf quasigroups and the algebraic 7-sphere, J. Algebra 323,
3067-3110 (2010).
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Weak Hopf quasigroups

Definition

A Hopf quasigroup H in C is a unital magma (H,ny, puy) and a coalgebra (H, ey, dy)
such that the following axioms hold:

(cl) The counit ey and the coproduct 4 are morphisms of unital magmas.

(c2) There exists Ay : H — H in C (called the antipode of H) such that:

(C2—1) MHO(AH®NH)O(6H®H):5H®H:HHO(H®MH)O(H®AH®H)O(5H®H)'

(c2-2) ppo(pH @ H)o(HR®AH @ H)o (H® 6n) = H® ey = pH o (1 @ An) o (H ® d4).
”
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Weak Hopf quasigroups

A bicategory B consists of :

@ A collection Bg, whose elements x are called 0-cells.

o For each x, y € By, a category B(x,y) whose objects f : x — y are called 1-cells
and whose morphisms o : f = g are called 2-cells. The composition of 2-cells is
called the vertical composition of 2-cells

If f:x— yisa l-cell in B(x,y), x is called the source of f, represented by s(f),
and y is called the target of f, denoted by t(f).

o For each x € By, an object 1x € B(x, x), called the identity of x; and for each
x,y,z € Bp, a functor

B(y,z) x B(x,y) — B(x, z)

which on objects is called the 1-cell composition (g, f) — g o f, and on arrows is
called horizontal composition of 2-cells:

f,f' € B(x,y), g8 €B(y,z), a:f=>f', 3:g=g

(B,a)—~ Bea:gof =g of
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o For each f € B(x,y), g € B(y, z), h € B(z,w), an associative isomorphisms
Ehg,r:(hog)of = ho(gof)
and for each 1-cell f, unit isomorphisms
If:lypyof =1, rr:ifolys=f,
satisfying the following coherence axioms:

The morphisms &, . ¢, Ir and r¢ are natural.
Pentagon axiom: &k, gof © Ekoh,g,f = (idk ® En g.f) © Ek,hog,r © (Ek,h,g ® idF).
Triangle axiom: rg ® idf = (idg ® If) o 56,,1“{),{.
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A bicategory is normal if the unit isomorphisms
l,r:lt(,—)of:>f, rf:fols(,-):>f,

are identities. Every bicategory is biequivalent to a normal one.

A 1-cell f is called an equivalence if there exists a 1-cell g : t(f) — s(f) and two
isomorphisms g o f = 1;7), f 0 g = 14(). In this case we will say that g € Inv(f)
and, equivalently, f € Inv(g).

A bigroupoid is a bicategory where every 1-cell is an equivalence and every 2-cell
is an isomorphism.

We will say that a bigroupoid B is finite if the collection of 0-cells By is a finite set
and

B(x,y)

is a small category for all x, y.
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Let B be a finite normal bigroupoid and denote by B; the set of 1-cells. Let K be
a field and KB the direct product

KB = EB Kf.

feBy

The vector space KB is a unital magma where the product of two 1-cells is equal
to their 1-cell composition if the latter is defined and 0 otherwise, i.e., g.f = gof
if s(g) = t(f) and g.f =0 if s(g) # t(f). The unit element is

kg = Y L

x€Bo
Let H = KB/I(B) be the quotient where /(B) is the ideal of KB generated by
h—go(foh), p—(pof)og,

with f € By, g € Inv(f), and h,p € By such that t(h) = s(f), t(f) = s(p). In
what follows, for any 1-cell f we denote its class in H by [f].

If we define [f]~1 by the class of g € Inv(f), we obtain that [f]~! is well-defined.
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Therefore the vector space H with the product

vH(lg] ® [f]) = [g-f]

H(lx) = > [1d

x€Bo

and the unit

is a unital magma.

Also, it is easy to show that H is a coalgebra with coproduct
on([f]) = [fl1 @ [f]
and counit
en([f]) = 1k.
Moreover, we have a morphism (the antipode) Ay : H — H defined by
Au([f]) = [F171

Then, H is a weak Hopf quasigroup.

Note that, if [Bo| = 1 we obtain that H is a Hopf quasigroup. If |Bg| > 1 and the
product defined in H is associative we have an example of weak Hopf algebra.
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Definition

Let H be a weak non associative bialgebra. We define the morphisms ﬁL,_, and ﬁz by

Tl = (H® (en 0 u)) o (81 0 ) ® H),

and

|

R = (1 0 1) ® H) 0 (H @ (61 0 m)).-

Theorem

| \

Let H be a weak non associative bialgebra. The morphisms ML, Mg, ﬁb and ﬁZ are
idempotent.

<
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Let H be a weak non associative bialgebra. The following identities hold:
Nk oMy =Nk, Nhofy=Tg, Thonk =My, Mok =nk,

NRoMy, =Mg, NRofy =Nk Thonf=nk TNonR=Tr.
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Let H be a weak non associative bialgebra. Any equality containing the idempotent

morphisms Mk, NE, ﬁ,L_,, ﬁf,, the (co)product and the (co)unit, that holds for weak
bialgebras also hols for H.
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For example:
pr o (H@NE) = ((en o pr) © H) o (H @ e 1) o (3n @ H),
pr o (MF @ H) = (H® (en 0 pm)) o (e, @ H) o (H @ 0m),
pr o (H®T) = (H® (k0 p)) © (61 @ H),
o (T @ H) = ((en 0 ) @ H) o (H ® 81),
(H®NE) oy = (un ® H) o (H® cu,n) o (51 0 1) @ H),
(NF & H) oy = (H® pn) o (cu,n @ H) o (H® (81 0 np)),
(Mh @ H) 0 81 = (H® ) o (51 0 ) ® H),
(H®TR) 081 = (1 @ H) o (H® (51 0 1)),
Nk oy o (HoNE) =Nk o upy,
NE o ppo (N ®H) =Ngopy,
(HeNh)ody ok =4y 0Nk,
(MR @ H)ody oMk =6y 0Nk,
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Theorem

Let H be a weak non associative bialgebra. Put H; = Im(l'I,LJ) and let p; : H — H; and
i : HL — H be the morphisms such that I'I,L_, =i opg and p; o i = idy, . Then,

i OH
H —— H ~ HoH
(H®NkL)ody

is an equalizer diagram and
HH

- > PL

H®H H ——— H
—

pro (H®Nk)

is a coequalizer diagram.

As a consequence, (Hp,mH, = pL © NH, H, = PL © p © (iL ® ir)) is a unital magma in
C. Also,

(Hi,eH, =€en oL, 0 = (PL® pL) 0 0H 0 i)

is a coalgebra in C.
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Theorem

Let H be a weak non associative bialgebra. The following identities hold:
e o (w0 (iL ® H)) ® H) = pp o (i ® pn),
pH o (H® (pro (it ® H))) = pro ((pn o (H®iL)) ® H),

pH o (H® (pr o (H®ir))) = pr o (1n ® iL).

As a consequence, the unital magma H, is a algebra in C.

If Hr = Im(I'IE) we have the same properties and then Hg is a algebra in C. J
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The antipode of a weak Hopf quasigroup H is unique and leaves the unit and the counit
invariant, i.e. Ayony =ny and ey o Ay = ey.

Let H be a weak Hopf quasigroup. The following identities hold:

Nhoxy=NhLoNf =XyoNk, NEoXy=nNEoNk =xy0Nk,

n[L-[:ﬁZo/\H:AHOﬁ;:Iv nﬁ:ﬁ,L_,OAHZ)\HOﬁf,.
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Let H be a weak Hopf quasigroup. The antipode of H is antimultiplicative and antico-
multiplicative, i.e. the following equalities hold:

AH O fiH = f1H © CH,H © (AH ® AH),

O 0 AH = (A4 ® AH) © CH,H © O,

Therefore, excepting the associativity, weak Hopf quasigroups satisfy the relevant
equalities that we can find in the theory of weak Hopf algebras.
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Definition

Let H, H' be weak Hopf quasigroups. We will say that f : H — H’ is a morphism of
weak Hopf quasigroups if it is a coalgebra morphism such that

I'If,,of:fol'lz,
ﬁ;‘.,/of:foﬁ,L_,,

Nk oMk, of = foMNf ok,
f-Op,H:p,H/O(f(X)f-)OVH7

hold, where Vi, : H® H — H ® H is the idempotent morphism defined by

Vi =(H® (uy o (NF @ H))) o (6 ® H).

@ The previous definition is similar to the one introduced in

G. Béhm, J. Gémez-Torrecillas, E. Lopez Centella, On the category of weak bialge-
bras, J. Algebra 399 (2014), 801-844.

for weak Hopf algebras.

With WHQ we will denote the category of weak Hopf quasigroups.
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Now let H be a weak non associative bialgebra. Define the Q2-morphisms,
Qf = (uy @ H)o (H® NE ® H) o (H® dp),
Qk = (un ® H) o (H® NF ® H) 0 (H® 8n),
Qf = (H® pn) o (HO M @ H) o (54 ® H),
Q% = (H® pup) o (HRNE @ H) o (5 ® H).

These morphisms are idempotent and, as a consequence, there exist objects H ><i H,
H X}? H, H Xf H and H Xf? H and morphisms

gt :H®H = Hxi H, jl:Hx}H—H®H,

gp - H®H— HxkH, jE:HxEH— H®H,

@ HRH s Hx?H, j2:Hx?H— HQ®H,

g H®H > Hx%H, j2:Hx3H— H®H,
such that, for o € {L, R} and « € {1, 2},

He3 o « {7 o
Jo0qs =95, g5 0j5 = idyxap.
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Let H be a weak non associative bialgebra. Then we have that:

(i) The diagrams
H® H @ H

(pH o (H

H® (pr o (it ® H))
(bHo (H®iR)) ® H

and

H® Hr ® H

H® (uh o (ir ® H))

are coequalizer diagrams.
(ii) The diagrams
2

®iL))®H 1

q
HoH—— HxH

2
q
HoH—F— Hx2H

(H®pL)odn)®H

Jr
Hx?H-——+H®H

TH® H @ H

and ,1

H® ((p. ® H) o dn)
((H® pr)odn) ® H

JR
HxtH——H®H

are equalizer diagrams.

THRH @ H
H® ((pr ® H) 0 64)

Ramén Gonzalez Rodriguez
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Definition

Let H be a unital magma. We say that a morphism ¢ : HQ H - H® H is:
(i) Almost left H-linear, if ¢ = (uy ® H) o (H® ¢) o (H® ny ® H).
(if) Almost right H-linear, if ¢ = (H® pup) o (¢ @ H) o (H®@ ny & H).

By dualization, if H is a counital comagma, we will say that a morphism ¢ is almost
left H-colinear if

¢p=(H®ey®@H)o(H®¢)o (dn® H),

and almost right H-colinear if

¢p=(H®ey®H)o(¢p® H)o(H® ).
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Let H be a unital magma and a counital comagma. The following assertions hold.

(i) The right Galois morphism, defined as
B = (uy ® H) o (H® dy),
is almost left H-linear and almost right H-colinear.
(if) The left Galois morphism, defined as
7= (H® pn) o (6n ® H),

is almost right H-linear and almost left H-colinear.
(i) The morphisms Q] and QF are almost left H-linear and almost right H-colinear.

(iv) The morphisms Q7 and Q% are almost right H-linear and almost left H-colinear.

From now on, the morphisms 3 and v will be called fusion morphisms. )
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Note that, if H is a weak Hopf quasigroup, we can express the Q-morphisms as
compositions of the fusion morphisms in the following way

Qr=BoB, Qr=poB, Q=707 QF=7Fon,

where _
ﬁi(uH®H)O(H®)\H®H)O(H®5H)

and
F=(H®pun)o(H® Ay ® H)o (0y ® H).

Moreover, if the weak Hopf quasigroup H is a Hopf quasigroup,
—L =R
N =nR=T,=T,=cy@nu

and then the Q-morphisms are identities. As a consequence we have that in this case
the fusion morphisms /3 and ~ are isomorphisms with inverses 5 and 7, respectively.
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Let H be a weak non associative bialgebra. The following assertions are equivalent:

(i) H is a weak Hopf quasigroup.
(ii) The morphisms
f:q,l?oﬁojE:HX%HﬁHX,l?H
and

g:qfo*yoj,%:HXzRH—)HXEH

1

are isomorphisms, the morphism jlof ~1og} is almost left H-linear and j2Zog~toq?

is almost right H-linear.

(iD= (i)

Ay =(H®en)ojkof oqko(ny®H)
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Let H be a unital magma and coalgebra such that €y and §y are morphisms of unital
magmas. Then H is a Hopf quasigroup if and only if the fusion morphisms 3 and ~
are isomorphisms and they have almost left H-linear and almost right H-linear inverses,
respectively.

@ This result (called the first fundamental theorem for Hopf (co)quasigroups) was
proved by T. Brzezinski for Hopf quasigroups in Vect in:

T. Brzezifiski, Hopf modules and the fundamental theorem for Hopf quasigroups,
Internat. Elec. J. Algebra 8, 114-128 (2010).
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Corollary

Let H be a weak bialgebra. The following assertions are equivalent.

(i) H is a weak Hopf algebra.
(if) The morphism
f=qghoBojt:Hx}H—HxkH
is an isomorphism.

(if) The morphism
g:qfo*yoj,%:HX%?H—)HXEH

is an isomorphism.

@ This result was proved by P. Schauenburg for weak Hopf algebras in xVect in:
P. Schauenburg, Weak Hopf algebras and quantum groupoids, Noncommutative geo-
metry and quantum groups (Warsaw, 2001), 171-188, Polish Acad. Sci., Warsaw,
(2003).
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Quasigroupoids

o Quasigroupoids
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Quasigroupoids

A quasigroupoid A is an ordered pair of sets A = (Ag, A1) such that:
(d1) There exist maps sa : A1 — Ao, ta : A1 — Ao, and ida : Ag — A1, called source,
target and identity, respectively, satisfying
SA(idA(X)) = tA(idA(X)) =x, Vx€Ao.
(d2) There exist a map, called product of A,
o: A saX¥ta A1 = {(a, b) c A1 X A1 ; sA(a) = fA(b)} — A1,

defined by e(a, b) = ae b and a map Aa : A1 — A1, called the inverse map, such
that:

(d2-1) For each a € A4,
ida(ta(a)) ® a=a= aeida(sa(a))-
(d2-2) For all (a, b) € Ay spXtp Ax,

sa(a e b) =sa(b), ta(aeb)=ta(a).
(d2-3) For all (a, b) € Ay saXta Az, (Aa(a),ae b) and (ae b, A\a(b)) are in Ay saXta A1 and

Aa(a)e (aeb)=b, (aeb)ela(b)=a.
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@ The set Ag wil be called the base of A. We will say that a quasigroupoid A is finite
if its base is a finite set.

o Note that a finite quasigroupoid where |Ag| = 1 is an |.P. loop or a quasigroup in
the sense of J. Klim and S. Majid:

Definition

A quasigroup is a set A with a product, identity e4 and with the property that for each
a € A there is a—! € A such that

a~l(ab)=b, (ba)al=b

for all b € A.

o If the product of a quasigroupoid A is associative, A is a groupoid, i.e., a category
where every morphism is an isomorphism.
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Quasigroupoids

@ A quasigroupoid is an inverse semiloopoid satisfying the unities associativity as-
sumption. These notions were introduced by J. Grabowski in

J. Grabowski. An introduction to loopoids, Comment. Math. Univ. Carolin. 57 (2016),
515-526.

If A is a quasigroupoid, the following equalities:

sa(Aa(a)) = ta(a),
ta(Aa(a)) = sa(a),

Aa(a) e a = ida(sa(a)),

aeXa(a) = ida(ta(a)),
Aa(Aa(a)) = a,

Aa(a e b) = Aa(b) e Aa(a),

hold for all a € Ay and (a, b) € A1 spXta A1

Ramén Gonzalez Rodriguez Weak Hopf quasigroups, fusion morphisms and finite quasigroupoids



Quasigroupoids

Definition
Let A, A’ be quasigroupoids. A morphism I : A — A’ between A and A’ is a pair of
maps I = (ro,rl), [o:Ag — A6, MN:A; — A;_, such that

(el) Toosa =saroly,

(e2) Foota =taroly,

(e3) For all x € Ag, M1(ida(x)) = idas(To(x)),
(e4) For all (a,b) € A1 spXtp A1, T1(aeb) =T1(a)e’ I'1(b). )

The obvious composition of quasigroupoid morphisms is a quasigroupoid morphism.
Then with QGPD we will denote the category whose objects are quasigroupoids and
whose morphisms are morphisms of quasigroupoids. With QGPD we will denote
the full subcategory of QGPD whose objects are finite quasigroupoids.
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Quasigroupoids

Let A be a quasigroup (in the sense of J. Klim and S. Majid) with product - and let X
be a set. Assume that there exists a map

Px Ax X = X
satisfying the following two conditions:
¥x(ea; x) = x,

'¢vx(3 - b, X) = wx(a,¢x(b,x)),

for all x € X and a,b € A.
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Quasigroupoids

The quasigroupoid B = (Bg, B1) associated to the action 1x is defined by the sets
Bo = X, B1 = A X X and maps

sg : B1 = Bo, sg(a,x) = x,
tg : B1 — Bo, tg(a,x) = v¥x(a,x),
idg : Bo — B1, idg(x) = (ea,x).

Then,
B1 sgXtg B1 = {((a,x), (b, y),) € B1 X B1 / ¥x(b,y) = x}

and the product is defined by
(a,x)*(b,y) = (a . bvy)

The inverse map A\g : By — Bj is

Ag(a, x) = (a’l, ¥x(a, x)).

@ As was proved in
Alonso Alvarez, J.N., Fernandez Vilaboa, J.M., Gonzalez Rodriguez, R. Quasigrou-
poids and weak Hopf quasigroups Journal of Algebra 568, 408-436 (2021)
examples of this kind can be obtained by working with Moufang loops of small
order and the 4-dimensional Taft Hopf algebra.
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Quasigroupoids

Example

Let A be a quasigroup and let X be a set. Denote by T the set
T ={(a,x,y) /a€A x,y € X}.
The quasigroupoid T = (To, T1) associated to T is defined by the sets

To = {(eA7X7X) € T}7 T1=T

and maps
st:T1— To, st(a,x,y) = (ea,y,y)
tr: T1 — To, tr(a, x,y) = (ea,x,x),
idr : To — T1, idr(ea,x,x) = (ea,x,x).
Then,

T1 stXtr T1 = {((Q:X,Y)v(b,y, r)) €Ty x Tl}
and the product is defined by

(a,x,y)x(b,y,r)=(a- b,x,r).

The inverse map At : T1 — T1 is Ag(a, x,y) = (a7 1, y,x).
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Quasigroupoids

Let A be a quasigroupoid, let P be a set and let 7 : P — Ag be a surjective map. The
quasigroupoid P(A)™ = (P(A)Z,P(A)T) is defined by the sets P(A)] = P,

P(A)T ={(p,a,q) / (p,a,q) € P x A1 x P, m(p) = ta(a), 7(q) = sa(a)}

and maps
i sp(a)~ : P(A)T = P(A)g, spa)~(p,a,q) =g,
tpayr : P(A)] — P(A)g, tpay~(psa,q) = p,
idp(ay= : P(A)g — P(A)], idpay=(psa,q) = (P, idr(p), P)-
Then,

PIAYT soayrX ingaye P2 = {((p, 2, ), (4, b, m)) € P(A)™; X P(A)™ }
and the product is defined by
(p,a,q) x(q,b,n) = (p,aeb,n).
The inverse map Apay~ : P(A)] — P(A)] is

Apay~ (P 3, q) = (9, Aa(a), p).
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Quasigroupoids

Theorem

Let K be a field and let A = (Ag, A1) be a finite quasigroupoid. The quasigroupoid
magma K[A] defined by
K[A] = € Ka

acAq

is a cocommutative weak Hopf quasigroup with unit 1 = Z ida(x), product
xEAo

ae b, if (a,b) € Ay spXtp A1,

piia (@ ® b) =
0, if (a, b) ¢ A1 SAXtA A:[7

counit egjaj(a) = 1, coproduct dgiaj(a) = a ® a and antipode Agjaj(a) = Aa(a) on
the basis elements.
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Quasigroupoids

Theorem

Let K be a field and let I = (I'g, 1) : A — A’ be a morphism of finite quasigroupoids.
Then the linear extension K[I'1] : K[A] — K[A'], K[l'1](a) = 1(a), is a morphism of
weak Hopf quasigroups that we will denote by K[I].

Theorem

| A\

There exists a functor, called the WHQ-functor,

F: QGPD — WHQ

defined on objects by F(A) = K[A] and on morphisms by F(I') = K[I].

N
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Categorical equivalences

Categorical equivalences

© Categorical equivalences
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Categorical equivalences

In this section we will assume that C = gVect.

Let H be a weak Hopf quasigroup in C. The algebras H; and Hg are separable, finite
dimensional and semisimple.
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Categorical equivalences

Definition
Let H be a weak Hopf quasigroup and G(H) its set of group-like elements as a coalgebra
(coalgebra), i. e., G(H) is the set of g € H such that dy(g) = g ® g and e4(g) = 1k.

Theorem
Let H be a weak Hopf quasigroup and consider t € H such that §4(t) = t ® t. Then

| I
\

the following equalities hold:

(i) Nb(e)t =g ()t = NR(2) = () =t

(ii) The elements Mk (t), HH(t) nk(t) and ﬁZ(t) are idempotent.
(iii) on(NE(t)) = NE() ® NE(t), ou(NE(L)) = NE(E) ® NE(2).
(iv) (Mg oNE)(x) = NE(t), (N o NE)(t) = Ni(t).

(v) M (e) =Tj(e), NE(e) =Tj(o).
(i) 61T ()) = TTh(8) @ Th(e),  ow(T5() = TTA() @ TI(e).
(vii) (M 0 A)(t) = NF(t) = (Ay o NF)(2), (MF 0 Ap)(t) = NE(t) = (Ay o Mi)(2).
(viii)) (A o ME)(t) = Miy(t) = (M 0 AZ)(1), (AF o ME) (1) = NE(t) = (NF 0 AF)(1).

x) A

2(t)=t.

(i
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Categorical equivalences

Corollary

Let H be a weak Hopf quasigroup. If g € H is a grouplike element of H, then so are
Mf(e). NE(g) and Au(g).

Theorem

| \

Let H be a weak Hopf quasigroup. The group-like elements of H are linearly independent
and the subspace Hg is a finite dimensional algebra. Therefore, the cardinality of

G(H) N Hg

is finite.

N
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Categorical equivalences

Theorem

Let H be a weak Hopf quasigroup. The ordered pair of sets T(H) = (T (H)o, 7 (H)1),
where

T(H)o = G(H)N Hg, T(H)1 = G(H),
is a finite quasigroupoid where the source, target and identity morphisms
5 T(H)l — T(H)o, t: T(H)l — T(H)o, i T(H)o — T(H)l,

are defined by
s(g) = Ni(e), t(g) =Mkle), () =r,
the product
* T(H)l s Xt T(H)l — T(H)]_

is defined by hx g = py(h ® g), and the inverse map A : T(H)1 — T(H)1 is

Ag) = Mu(g)-
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Categorical equivalences

Theorem

Let f : H— H’ be a morphism of weak Hopf quasigroups. The pair
T(f) = (T(f)o, T(F)1),

where

T(f)o s T(H)o — T(Hl)o, T(f)l 5 T(H)]_ — T(H/)l

are the maps defined by 7(f)o(r) = f(r) and 7(f)1(g) = f(g). is a morphism of
quasigroupoids between 7(H) and T(H’).

Theorem

There exists a functor, called the QGPD-functor,

L: WHQ — QGPD

defined on objects by L(H) = 7(H) and on morphisms by L(f) = 7(f).
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Categorical equivalences

The WHQ-functor is left adjoint of the QGPD-functor.
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Categorical equivalences

Theorem

The functors F and L induce an equivalence between the category QGPD and the full
subcategory of WHQ of all pointed cosemisimple weak Hopf quasigroups.

Corollary

| N

If K is algebraically closed, the functors F and L induce an equivalence between the
category QGPD and the full subcategory of WHQ of all cocommutative cosemisimple
weak Hopf quasigroups.

o In the associative setting (replace quasigroupoids by small groupoids with finitely
many objects), the previous results are the ones proved in

G. Béhm, J. Gémez-Torrecillas, E. Lépez Centella, On the category of weak bialge-
bras, J. Algebra 399 (2014), 801-844.

for weak Hopf algebras.

Ramén Gonzalez Rodriguez Weak Hopf quasigroups, fusion morphisms and finite quasigroupoids



Categorical equivalences

The category of quasigroups is equivalent to the one of pointed cosemisimple Hopf
quasigroups.

Corollary

| \

If K is algebraically closed, the category of quasigroups is equivalent to the one of
cocommutative cosemisimple Hopf quasigroups.

Ramén Gonzélez Rodri
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Categorical equivalences

I \h \ ‘: =
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Thank you
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