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Preliminaries and notations

Throughout this talk C denotes a strict braided monoidal category with tensor
product ®, unit object K and braiding c.
Recall that a monoidal category is a category C together with a functor

®:CxC—>C

called tensor product, an object K of C, called the unit object, and families of
natural isomorphisms

amnp:  (MON)QP5M@(N®P), m:MoOK—=M, Iy:KoM-— M,

in C, called associativity, right unit and left unit constraints, respectively, satisfying
the Pentagon Axiom and the Triangle Axiom, i.e.,

am,N,PeQ © amen,p,Q = (idy ® an,p,q) © am,neP,q © (am,n,p ® idQ),

(idm ® In) © am,k,n = v ® idy,
where for each object X in C, idx denotes the identity morphism of X.
A monoidal category is called strict if the constraints of the previous paragraph are
identities.
It is a well-known fact that every non-strict monoidal category is monoidal equi-
valent to a strict one. This lets us to treat monoidal categories as if they were
strict and, as a consequence, the results proved in a strict setting hold for every
non-strict monoidal category.

Hopf trusses an related structures in a monoidal setting Hopf trusses an related structures in a monoidal setting



Preliminaries and notations

For simplicity of notation, given objects M, N, P in C and a morphism f : M — N,
we will write P ® f for idp ® f and f ® P for f ® idp.
A braiding for a strict monoidal category C is a natural family of isomorphisms

CM7NZM®N—>N®M
subject to the conditions
cmnep = (N ® cum.p) o (cu,n ® P), cugn,p = (cm,p ® N) o (M ® cn,p)

for all M, N, P € C.
If
cN,M © Cv N = idpmgn
for all M, N in C, we will say that C is symmetric.
Then the results presented in this talk hold in
o Set, the category of sets.
o FF-Vect, the category of vector spaces over a field F.
o rMod, the category of left modules over a commutative ring R.
o Rep(G), the category of representations of a group G.
o sVect, the category of super-vector spaces.
o B, the braid category.
o pMod, the category of left H-modules for a quasitriangular Hopf algebra.
° nYD, the category of left Yetter-Drinfeld modules over a Hopf algebra such that
the antipode is an isomorphism.
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Preliminaries and notations

Definition

An algebra in C is a triple A = (A, na, pa) where A is an object in Cand 4 : K — A
(unit), ua : A® A — A (product) are morphisms in C such that

pao(ARna) =ida=pao(ma®A), pao(A®ua)=paoc (ua®A)
hold.

Definition

Given two algebras A = (A, na, pa) and B = (B, ng, ug), a morphism f : A— B in C
is an algebra morphism if

760774:7737 MBO(f®f):fOMA
hold.

If A, B are algebras in C, the tensor product A® B is also an algebra in C where

NA®B = NA® 1B, HAgB = (kA ® up) o (A® cga ® B).
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Preliminaries and notations

Definition

A coalgebra in C is a triple D = (D, ep, dp) where D is an object in Cand ep : D — K
(counit), dp : D — D ® D (coproduct) are morphisms in C such that

(ep®D)odp =idp = (D ®ep)odp, (6p®D)odp=(D®p)odp

hold.

Definition

If D= (D,ep,d0p) and E = (E,eg,dg) are coalgebras, a morphism f : D — E in C is
a coalgebra morphism if

eceof=cp, (FRf)odp=2¥dgof

hold.

Given D, E coalgebras in C, the tensor product D ® E is a coalgebra in C where

epoE =€ep ®eE, Opge = (D ® cpe® E) o (dp ® Og).
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Preliminaries and notations

In the category of vector spaces over a field F we can find interesting examples of
coalgebras. For example, if S is a set, with F[S] we will denote the free F-vector space

onS, ie.,
F[S] = @Fs.

seS

This vector space has a coalgebra structure determined by
ers)(s) = 1r,  Opis)(s) =s®s.

Let D = (D,ep,dp) be a coalgebra in C. We will say that a morphism g : K — D is a
grouplike morphism if satisfy dpog =g ® g, epog = idk.

Let (D,ep,dp) be a coalgebra in F-Vect. A grouplike element ¢ of D is a ¢ € D such
that the linear map g : F — D defined by gc(1p) = c is a grouplike morphism in
F-Vect.
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Preliminaries and notations

In the following we will denote by G(D) the set of grouplike elements of D and G(D)
is a subcoalgebra of D.
If S is a set, the coalgebra F[S] is called the grouplike coalgebra of S and satisfies

G(F[S]) = S.

Definition

A pointed coalgebra in F-Vect is a coalgebra D whose simple subcoalgebras are one-
dimensional.

Then, D is pointed if and only if its coradical Dy (the sum of the simple subcoalgebras
of D) is the grouplike coalgebra of G(D), i.e., Do = F[G(D)].

Definition

We will say that the coalgebra D is cosemisimple if D = Dy.

Therefore, if D is pointed cosemisimple, D = F[G(D)]. On the other hand, if G is a
group and D = F[G], we have that D is pointed and cosemisimple. J
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Preliminaries and notations

Definition

Let D = (D,ep,dp) be a coalgebra and let A = (A, 74, pa) be an algebra. By
H(D, A)
we denote the morphisms f : D — A in C. With the convolution operation
frxg=pao(f®g)odp,

H(D, A) is an monoid where the unit element is 14 0 ep = ep ® Na-

We will say that f : D — A is convolution invertible if there exists f=1 : D — A such
that
fxf 1= f_l*f:sD®'r]AA
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Preliminaries and notations

Definition

Let A be an algebra. The pair (M, pp) is a left A-module if M is an object in C and
pom AR M — M is a morphism in C satisfying

oMo (na® M) =idy, emo(A®pm)=pmo (ua® M).

Given two left A-modules (M, ¢p) and (N, ¢pn), f : M — N is a morphism of left
A-modules if oy o (AR f) = foppy.

Then left A-modules with morphisms of left A-modules form a category that we will
denote by aAMod.

Definition
Let B an object in C such that there exists an associative product yug : B® B — B.
We will say that (M, ¢y : B® M — M) is a non-unital left B-module if

dmo (B® dm) = omo (ug ® M).

A morphism between non-unital left B-modules is a left B-linear morphism as in the
case of morphisms for modules over an algebra. Then non-unital left B-modules form a
category that we will denote by gmod.
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Preliminaries and notations

Definition

A non-unital bialgebra in the category C is a coalgebra (B,eg,dg) with an associative
product ug : B® B — B such that pp is a coalgebra morphism. Then the following
identities hold:

epoup =ep®ea,

dgopug = (1B ® up) © dBgB-

A bialgebra in C is an algebra (B, ng, ug) and a coalgebra (B, g, dg) such that ng and
up are coalgebra morphisms. Then,

egong = idk, dpomng=1mnsRXns

also hold.

A morphism between non-unital bialgebras H and B is a morphism f : H — B in C of
coalgebras and multiplicative. A morphism between bialgebras H and B is a morphism
f: H— B in C of algebras and coalgebras.

With the composition of morphisms in C we can define a category whose objects are
non-unital bialgebras (bialgebras) and whose morphisms are morphisms of non-unital
bialgebras (bialgebras). We denote this category by bialg (Bialg).
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Preliminaries and notations

Definition

Let B a non-unital bialgebra and let A be an algebra in C. We will say that (A, ¢a)
is a non-unital left B-module algebra if it is a non-unital left B-module with action
¢a: B® A — A such that

da0(B®na) =ep ®na

and
Pa0(B®pa) =pao(da® ¢a)o(B®cga®A)o (g ®AR A)
hold.

If B is a bialgebra, we will say that (A, ¢a) is a left B-module algebra if (A, ¢4) is a
left B-module and the two previous conditions hold.
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Preliminaries and notations

Definitiol

Let B be a non-unital bialgebra and D = (D, ep, dp) a coalgebra in C. A pair (D, ¢p) is
said to be a non-unital left B-module coalgebra if (D, ¢p) is a non-unital left B-module
and the following equalities hold:

ED O Yp =€B VED,
and
dp op = (¢p ® D) © dBgD-

In case that B is a bialgebra, a non-unital left B-module coalgebra (D, ¢p) is said to
be a left B-module coalgebra if (D, ¢p) is a left B-module.
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Preliminaries and notations

Definition

Let H be a bialgebra in C. If there exists a morphism Ay : H — H in C, called the
antipode of H, satisfying that Ay is the inverse of idy in H(H, H), i.e.,

idy % Ay =i 0 ey = Ay * idy,

we say that H is a Hopf algebra.

A morphism of Hopf algebras is an bialgebra morphism. We can define a category whose
objects are Hopf algebras and whose morphisms are morphisms of Hopf algebras. We
denote this category by

Hopf
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Preliminaries and notations

If H is a Hopf algebra, the antipode is antimultiplicative and anticomultiplicative
AH O py = pi © (A @ AH) 0 c,H;  OH O AR = CH,H © (A4 ® AH) 0 Op,
and leaves the unit and counit invariant, i.e.,
AHOMH =1MH, EHOAH = EH-

A Hopf algebra is cocommutative if

O0H = CH,H © OH.
It is easy to see that in this case

Ay 0o Ay = idy.

Note that, if f : H— D is a Hopf algebra morphism the following equality holds:

)\DOf:fOAH.
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Hopf trusses

o T. Brzezinski: Trusses: between braces and rings, Trans. Am. Math. Soc. 372,
4149-4176 (2019).  C = F-Vect J

Definition

Let (H,en,d1) be a coalgebra in C. Assume that there are an algebra structure
(H,nH,,ulH), a product y,z_l : H® H — H and two endomorphism of H denoted by
Ay and oy. We will say that

(Hs ks 1k 1375 €Hy 015 AH> OH)
is a Hopf truss if:
(i) H1 = (H,nH, 1}, €H, 01, An) is a Hopf algebra in C.
(i) Ha = (H,p?%,en,0n) is a non-unital bialgebra in C.
(iii) The morphism oy is a coalgebra morphism and the following equality holds:

o (H® ) = pjyo (ufy @ T7) o (H® cnn ® H) o (81 © H @ H),

where

T = pi o (Anoan) ® p2) o (8 ® H).
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We will say that a Hopf truss is cocommutative if the coalgebra (H, ey, dy) is cocom-
mutative.

Note that, a Hopf truss is a Hopf brace in the sense of |. Angiono, C. Galindo and L.
Vendramin

o |. Angiono, C. Galindo, L. Vendramin: Hopf braces and Yang-Baxter operators,
Proc. Am. Math. Soc. 145, 1981-1995 (2017). C = F-Vect

if oy is the identity and there exists a morphism )\ZH : H — H such that

Ha = (H,m, 113, €y 1y AZ))

is a Hopf algebra.

Given a Hopf truss, we will denote it by H = (H1, Hz, o). The morphism oy is called
the cocycle of H.
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Hopf trusses

The cocycle oy of a Hopf truss H is fully determined by 7y and the product ,uf_, in the
following way:

oy = pi o (H®mH).

Then, as a consequence of the associativity for the product p,z_,, we have that

onopy = po(H®ow)

holds.
Finally, we know that the pair
(Ha, FZ’:

is a non-unital left H>-module algebra.
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Hopf trusses

Definition

Given two Hopf trusses H and B, a morphism f between the two underlying objects
is called a morphism of Hopf trusses if f : Hy — B is a Hopf algebra morphism and
f : Hy — B> is a morphism of non-unital bialgebras.
Then

ogof=Ffooy

holds.

Hopf trusses together with morphisms of Hopf trusses form a category which we denote
by
HTr

It is obvious that Hopf braces with morphisms of Hopf braces form a category which we
denote by HBr that is a full subcategory of HTr.
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Hopf trusses

Example

A skew truss is a set T with two binary operations ¢1 and ¢2 and a map wt : T — T
(called the cocycle) such that the pair T3 = (T,©1) is a group with unit 1,,, To =
(T,©2) is a semigroup and the following identity

aoo (b<>1 C) = (a o2 b) o1 wT(a)Ol o1 (a o2 C)

holds for all a, b, c € T. We will denote the previous skew truss by T = (Ty, T2, wT).
A morphism f between two skew trusses T = (Ty, T2,w7t) and S = (51, S2,ws) is a
map f between the two underlying sets such that f is a morphism of groups between
T1 and S; and of semigroups between T, and S;. With

SkTr

we will denote the category of skew trusses.

Then, in Set,
SkTr = HTr

Hopf trusses an related structures in a monoidal setting Hopf trusses an related structures in a monoidal setting



Hopf trusses

Let F be a field and C= F-Vect. There exists a functor

Pkt : SkTr — HTr
given by
Pskt(T) = (F[T1], F[T2], og[7))s

where op7] is the linear extension of wr and Ag[7] = ()°2, on objects and by Pg:(f) =
F[f] on morphisms.

Let H = (H1, H2, o) a Hopf truss in F-Vect. There exists a functor
Rpt : HTr — SkTr

defined by
Rpt(H) = (G(H1), G(H2), wg(t))

on objects and by
Rpe(f) = G(f)

on morphisms, where wg(p) the restriction of oy to G(H) and G(f) the restriction of
f to G(H)
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Let F be a field and let H be a Hopf truss in F-Vect. We will say that H is pointed
cosemisimple if the its subjacent coalgebra (H, ey, dy) is pointed and cosemisimple.

Let F be a field and let Pg; and Rp; be the functors defined in the previous slide. Then,

Pske = Rpe

and this adjunction induces an equivalence of categories between SkTr and the full
subcategory of HTr of all pointed cosemisimple Hopf trusses in F-Vect.
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© Hopf trusses and generalized invertible 1-cocycles

Hopf trusses an related structures in a m

Hopf trusses an related structures in a monoidal setting



Hopf trusses and generalized invertible 1-cocycles

Definition

Let H= (H,ny, uH,EH, O, A1) be a Hopf algebra in C and let B = (B, ug,ep,dg) be
a non-unital bialgebra in C. Assume that H is a non-unital left B-module algebra with
action ¢y : B H — H. Let m : B — H be coalgebra morphism. We will say that =
is an generalized invertible 1-cocycle if it is an isomorphism and there exist a coalgebra
endomorphism 6, : B — B such that

mopug =pHo((mobx)®du)o (dg ®m)
holds.

Definition

Let 7 : B — H and 7/ : B’ — H’ be generalized invertible 1-cocycles. A morphism
between them is a pair (f, g) where f : B — B’ is a morphism of non-unital bialgebras
and g : H — H’ is a morphism of Hopf algebras satisfying the following identities:

folr=0.0f, gom=7'of, go¢y=dy o(fRg).
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Hopf trusses and generalized invertible 1-cocycles

Definition
Then, with these morphisms, generalized invertible 1-cocycles form a category denoted
by GIC. In the following lines an object in GIC will also be denoted by the triple

(m: B — H,0x).

Definition

Note that if (m : B — H,6x) is a generalized invertible 1-cocycle such that B is a
Hopf algebra, (H, ¢y) is a left B-module algebra and 0, = idg, (7 : B — H,idg) is
an invertible 1-cocycle. If we denote the category of invertible 1-cocycles by IC, it is
obvious that it is a full subcategory of GIC.

| N
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Hopf trusses and generalized invertible 1-cocycles

The categories GIC and HTr are equivalent.

Let H = (Hi1, Ha2, 0p) be an object in HTr. Then, (idy : Ho — Hi,0i, = oy) is a
generalized invertible 1-cocycle.

On the other hand, let H = (H1, H2,04) and H' = (Hj, H}, o) be objects in HTr
and let f : H — H’ be a morphism between them. The pair (f,f) is a morphism
in GIC between (idy : Ho — Hi,04) and (idy: : Hy — Hy, o).

Therefore, there exists a functor
E: HTr — GIC

defined on objects by E(H) = (idy : H> — H1,04) and on morphisms by E(f) =
(f, f).
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Hopf trusses and generalized invertible 1-cocycles

Let (7 : B — H,60x) be an object in GIC. Define
pf=mopgo(r t@nt)
and o := 700 o~ Then, Hy = (H, Hx, or), where

Hr = (H»H‘I/-THEH:&H),

is an object in HTr.

Also, if (f,g) : (w: B— H,0r) — (n' : B = H’,0,/) is a morphism in GIC, g is
a morphism in HTr between H, and H;,

As a consequence of these facts, we have a functor

Q: GIC — HTr
defined by Q((w : B — H,0z)) = Hy on objects and by Q((f,g)) = g on
morphisms.

These functors induce an equivalence between the two categories because, clearly,
QE = idHTr and EQ pal |d(;|c.
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Hopf trusses and generalized invertible 1-cocycles

The categories IC and HBr are equivalent.

The previous result was proved in:

o |. Angiono, C. Galindo, L. Vendramin: Hopf braces and Yang-Baxter operators,
Proc. Am. Math. Soc. 145, 1981-1995 (2017). C = F-Vect
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@ Weak Twisted post-Hopf algebras and Hopf trusses
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Weak Twisted post-Hopf algebras and Hopf trusses

e Y. Li, Y. Sheng and R. Tang: Post-Hopf algebras, relative Rota-Baxter operators
and solutions of the Yang-Baxter equation, J. Noncommut. Geom 145, 1981-1995
(2024) (in press: DOI 10.4171/JNCG/537).

o S. Wang: (Weak) Twisted post-groups, skew trusses and rings arXiv:2307.10535.
(2024).

C = F-Vect
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Weak Twisted post-Hopf algebras and Hopf trusses

Definition

A weak twisted post-Hopf algebra in Cis a triple (H, my, ® 1) where H is a Hopf algebra
in Cand my: HQ H — H and ®: H — H are morphisms in C satisfying the following
conditions:

(i) mpy is a coalgebra morphism, which means that the following equalities hold:

(i.l) oy omy = (mH ® mH) e} (H ® cH,H H) o (5/—/ ® (51—/),
(i.2) enomy =en ®eH.

(if) @y is a coalgebra morphism, that is to say:
(ii.1) 640 Py = (Py ® Py) 0 oy,
(II2) EH O (DH = EH-

(iii) Py opyo(Py @ my)o(dy @ H) = puyo (Py ® my)o (0y @ dy).

(iv) my o (H® my) = my o ((un o (Py ® my)o (dy ® H)) ® H).

(v) mpo(H® pn) = prHo(my® my)o(H® cyn®H)o(0y®H® H).

The morphism @4 will be called the cocycle of the weak twisted post-Hopf algebra H.
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Weak Twisted post-Hopf algebras and Hopf trusses

Definition

Let (H, my, ) and (B, mg, ®g) be weak twisted post-Hopf algebras in C. We will say
that f: (H, my, ®y) — (B, mg, ®p) is a morphism of weak twisted post-Hopf algebras
if f: H— B is a Hopf algebra morphism such that

fomy=mgo(f®f), ®gof=Ffody.

Therefore, weak twisted post-Hopf algebras give rise to a category that we will denote
by
wt-Post-Hopf.

If the underlying Hopf algebra is cocommutative, the structure (H, my, ®p) is referred to
as a cocommutative weak twisted post-Hopf algebra. The corresponding full subcategory
is denoted as

coc-wt-Post-Hopf.
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Weak Twisted post-Hopf algebras and Hopf trusses

Note that the definition of weak twisted post-Hopf algebras proposed by S. Wang in the
category C = F-Vect, always requires cocommutativity of the underlying Hopf algebra.
In the previous definition, this requirement was omitted.
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Weak Twisted post-Hopf algebras and Hopf trusses

Theorem

Let (H, my, ®y) be an object in wt-Post-Hopf. If
(*) (my ® H) o (H® cp,1) o ((cH,h 0 01) @ H) = (my @ H) o (H® cp 1) o (04 ® H).
holds, then H = (H, 7y, e, d1) is a non-unital bialgebra in C, where

A = pr o (Py ® my) o (3 @ H).

Remark

| A\

If C is a symmetric, condition (x) means that (H, my) is in the cocommutativity class
of H following the notion introduced in:
@ J.N. Alonso Alvarez, J.M. Fernandez Vilaboa, R. Gonzalez Rodriguez: On

the (co)-commutativity class of a Hopf algebra and crossed products in a braided
category, Comm. Algebra 29, 12, 5857-5878 (2001).
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Weak Twisted post-Hopf algebras and Hopf trusses

Theorem

Let (H, my, $) be an object in wt-Post-Hopf such that (x) holds. Then, the triple
ﬁ = (H7 ﬁv ¢H)

is an object in HTr.

As a consequence, if we denote by wt-Post-Hopf* to the full subcategory of
wt-Post-Hopf whose objects satisfy (x), then there exists a functor

F: wt-Post-Hopf* — HTr

defined on objects by .
F((H, my, &) =H

and on morphisms by the identity.
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Weak Twisted post-Hopf algebras and Hopf trusses

Let H = (H1, H2,01) be an object in HTr such that the condition

(%) (FZ:’ ® H) o (H® cu,1) o ((cH,H 0 01) ® H)
= (M7 @ H)o (H® cn,m) o (61 ® H)

holds. Under these hypothesis, (H, FZ’:,UH) is an object in wt-Post-Hopf*.

Remark

| A\

When C is symmetric, note that (x) means that (Hi, I'(;,’:) is in the cocommutativity
class of Ho.
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Weak Twisted post-Hopf algebras and Hopf trusses

From now on, let's denote by HTr* to the full subcategory of HTr whose objects satisfy
condition (*). Therefore, there exists a functor

G: HTr* — wt-Post-Hopf*

acting on objects by G(H) = (H, FZ:", o) and on morphisms by the identity.

Remark

Note also that if (H,my,®y) is an object in wt-Post-Hopf*, the Hopf truss
F((H, my,®y)) = H belongs to the category HTr*, so F admits a factorization from
wt-Post-Hopf* to HTr*.

The categories wt-Post-Hopf* and HTr* are isomorphic.

Categories coc-wt-Post-Hopf and coc-HTr are isomorphic.
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o M. Goncharov: Rota-Baxter operators on cocommutative Hopf algebras, J. Algebra
582, 39-56 (2021).

o Y. Li, Y. Sheng and R. Tang: Post-Hopf algebras, relative Rota-Baxter operators
and solutions of the Yang-Baxter equation, J. Noncommut. Geom 145, 1981-1995
(2024) (in press: DOI 10.4171/JNCG/537).

C = F-Vect
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Definition

Let H = (H,mH, kH, EH, O, AH) be a Hopf algebra and let B = (B, ug,ep,98) be a
non-unital bialgebra in C. Suppose that there exists a morphism oy : BQ H — H
such that (H,¢p) is a non-unital left B-module algebra-coalgebra. We will say that a
coalgebra morphism

T:-H—B

is a weak twisted relative Rota-Baxter operator if there exists Wy : H — H a coalgebra
morphism, called the cocycle of T, such that the following conditions hold:

(I) ;,LBO(T® T): TO/,LHO(\UH(X)(()OHO(T@H)))O((SH®H),

(i) Vhopno(VH@(eno(T®H)))o(6H®H) = pro(VH®(pHo(T®H)))o(6H@ V).
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In what follows we will denote weak twisted relative Rota-Baxter operators by

H
(T *L 790H7WH)'
B

If we define my by
my=pyo(TOH): HR®H — H,
conditions (i) and (ii) of previous definition are equivalent to
(i) peo(T®T)=Topupyo(Vy®my)o(dy® H),
(i) Wy oppo(Wy®@my)o(dn®H) = ppo(Vy®my)o (dy ® Vh).
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Defi

H H'
Let (T | ,¢n,Vy) and (T' | o, Vyr) be weak twisted relative Rota-Baxter
B B’

operators. We will say that

H H
(F,8): (T 4 ,om,VWn) = (T | ,on, V),
B B

where f: H — H’ is a Hopf algebra morphism and g: B — B’ is a morphism of non-
unital bialgebras, is a morphism of weak twisted relative Rota-Baxter operators if the
following conditions hold:

T'of=goT, foWy=Wy of, fopy=qpyo(g®f).

So, weak twisted relative Rota-Baxter operators give rise to a category that we will
denote by wtr-RB. J
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Remark

Consider (T | ,¢n, V) a weak twisted relative Rota-Baxter operator. Due to being

T a coalgebra morphism and (H, ¢y) a non-unital left B-module algebra-coalgebra, it
is straightforward to prove that the following equalities hold:

my o (H®ny) = ex ® nh,
my o (H® py) = pr o (my ® my) 0 dpgH,
EHOMYy = EH Q €N,
dpomy = (mH ®mH) o 5H®H-

Moreover, the equality

my o ((up o (W ®@mpy) o (0 ® H)) @ H) = my o (H® my)

also holds.
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Remark

Note that if (f, g) is a morphism between the weak twisted relative Rota-Baxter ope-
Hl
rators (T | ,pn,Vy)and (T" | o, V), then
B B’
fomy=my o (fQf)

holds.
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H
Let (T | ,¢H, V) be a weak twisted relative Rota-Baxter operator such that
B

(*) (my ® H) o (H® cyn) o ((cH,H 0 dH) ® H)
= (my ® H)o (H® cy,H) o (0n ® H)
holds. Then, H = (H, iy, e, 1), where
An = pr o (Wy @my) o (0 ® H),

is a non-unital bialgebra in C.

Note that, (H, mpy) is a non-unital left H-module. Then, if C is symmetric, we can say

that (H,mpy) is in the cocommutativity class of H because (%) holds.
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H
Let (T | ,pun,Vy) be a weak twisted relative Rota-Baxter operator such that (x)
B

holds. Then, the triple H= (H, ﬁ, W) is an object in HTr*.

Remark

Then, if we denote by wtr-RB* to the full subcategory of wtr-RB of objects satisfying
the condition (%), there exists a functor

Q: wtr-RB* — HTr*

defined on objects by
H

QUT 4 ,om,Wn) =H
B

and on morphisms by Q((f,g)) = f.
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Let H = (H1, H2,01) be an object in HTr*. Then, the triple

H,y
(idy L T7 on)
H>

is a weak twisted relative Rota-Baxter operator satisfying condition (x).

Remark

Thus, from the above theorem, it follows that there exists a functor
A: HTr* — wtr-RB*

acting on objects by
Hy
AH) = (idy | ,r;f,aH)
Ha

and on morphisms by A(f) = (f, ).

Hopf trusses an related structures in a monoidal setting Hopf trusses an related structures in a monoidal setting




Weak twisted Relative Rota-Baxter operators and Hopf trusses

The functor A is left adjoint to the functor Q.

Remark

Consider the full subcategory of wtr-RB* consisting of all weak twisted relative Rota-
H

Baxter operators (T | ,pn, Wy), such that T is an isomorphism in C. We will denote
B

this subcategory by
wtr-RB;, .

Moreover, take into account that the image of the functor A are in this subcategory we
have a functor

A: HTr* — wtr-RB;.
Thus, if we denote by Q' the restriction of functor Q to the subcategory wtr-RB;,
the following result states that A and Q' give rise to a categorical equivalence between
wtr-RBZ_ and HTr*.

iso
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The categories HTr* and wtr-RB; are equivalent.

The categories HTr*, wtr-RB::

=~ .
%o and wt-Post-Hopf* are equivalent.

The categories coc-HTr and coc-wtr-RBjg, are equivalent.

The categories coc-HTr, coc-wtr-RBjs, and coc-wt-Post-Hopf are equivalent.
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Definition

Let H be a Hopf truss. A left H-module is a triple (M,w,}/l,w%ﬂ), where (M,w,}/l) is a
left Hi-module, (M,2,) is a non-unital left Ho-module and the following identity

Yo (H®Yy) =vy o (1 @) o (H® cuu ® M)o (6y ® H® M)

holds, where
FoH =iy 0 (A o on) @ ¥ay) o (5 ® M).

Given two left H-modules (M, 1/1,1\/,,1/),2\/,) and (N, wk,,zpﬁ), a morphism f : M — N is
called a morphism of left H-modules if f is a morphism of left H;-modules and left non-
unital Hx-modules. Left H-modules with morphisms of left H-modules form a category
which we denote by

HMOd
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Examples

(i) Let H be a Hopf truss. The triple (H, %}, = pui,, 9% = p2) is an example of left
H-module. Also, if K is the unit object of C, (K, 1/1;1< = EH,Iﬁf( = ep) is a left
H-module called the trivial module.

(i) If X is an object in C, H® X = (H® X, ¢},ox = by ® X, ¢fox = uZ ® X) is
an example of left H-module. Also, if f : X — X’ is a morphism in C, H® f is a
morphism in gMod between H ® X and H ® X’. Therefore, there exist a functor,
called the induction functor, H® — : C — gMod defined on objects by

H® —(X)=H® X

and on morphisms by H® —(f) = H®Q f.

Remark

If the a Hopf truss H is a Hopf brace and we assume that a (M, 1/)%,,) is a left Ha>-module,
we obtain the definition of module over a Hopf brace introduced in

o R. Gonzalez Rodriguez: The fundamental theorem of Hopf modules for Hopf
braces, Linear Multilinear Algebra 70, 5146-5156 (2022).
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Definition

Let (w: B — H,60r) be a generalized invertible 1-cocycle. A left module over
(m:B— H,0x)

is a 6-tuple (M, N, oM, oM, dn,7y) where:
(i) ¢m : B® M — M is a morphism in C.
(it) (M,ppm) is a left H-module.
(iii) (N, ¢n) is a non-unitary left B-module.
(iv) The equality
dm o (B®pm) =mo (o0 ® dm) o (B® can®M)o(dg ®HE®M).

holds.
(v) v: N — M is an isomorphism in C such that

voon =pmo((mobr)® dum)o (g ®7).
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Definition

Let (M, N, ¢p, oM, dn,y) and (M/, N’ dpprs opprs o, ') be left modules over a gene-
ralized invertible 1-cocycle (7 : B — H,6x). A morphism between them is a pair (h, /)
of morphisms in C such that:

(i) The morphism h: M — M’ satisfies ho ¢p = ¢y 0 (B ® h) and is left H-linear.
(ii) The morphism [ : N — N’ is left B-linear.

(iii) The following identity holds:
ho ¥ = ’yl ol.

With the obvious composition of morphisms, left modules over a generalized invertible
1-cocycle (7 : B — H,07) with action ¢y form a category that we will denote by

(m,b11,0-)Mod

If (w : B — H,6x) is a generalized invertible 1-cocycle, the 6-tuple (H, B, ¢n, ptH, 5, T)
is an example of left module over (7w : B — H, 6r). J
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Theorem

Let (f, g) be a morphism between the generalized invertible 1-cocycles (7w : B — H,0x)
and (7' : B" — H’,0,./). Then, there exists a functor

Mt.e) * (00,0, )MOd = (z 6,.0,)Mod

defined on objects by
M(f,g)((P7 Q, ¢p, PP, ¢Q7 T))
=(P,Q,0p =9po(fOP),pp =ppo(g@P), ¢4 =¢go(fOQ),T)
and on morphisms by the identity.

For all generalized invertible 1-cocycle (7 : B — H,0z) , (w,idy) is an isomorphism
between the generalized invertible 1-cocycles (7 : B — H,6x) and (idy : Hx — H,ox)
Therefore, the functor

M idh) © (idhy,F5 o) MO = (x,04,0,)Mod

is an isomorphism where M(w—l,idH) ¢ (myp,0-)Mod — (idH,FZ",oﬂ)MOd is the inverse.
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Let H be a Hopf truss. There exists a functor

G]HI: ]HIMOd = ( Mod

idp T o)
defined on objects by
Ga((M, ¥y, ¥i)) = (M, M, by =Tt om = ¥y, b = ¥y, idu)

and on morphisms by Gg(f) = (f, ).
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Theorem

Let (7w : B — H,60:) be a generalized invertible 1-cocycle. There exists a functor
H™ : (w,q&H,G")MOd — HWMOd
defined on objects by
—1 —2 _ _
H™ (M, N, ém, om, ¢n,7)) = (M, Py = om, Yy = yodn o (nt @)

and on morphisms by H™((h,/)) = h.
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Theorem

Let (r : B — H,0;) be a generalized invertible 1-cocycle. Then the categories
(m,én,0-)Mod and g, Mod are equivalent.

Proof

H™ o (M(x,idyy) © G, ) = id y _Mod>

(M idyy) © Gr ) o HT =id ) Mod-

When we particularize the previous results to modules asocciated to Hopf braces and
invertible 1-cocycles we have the categorical equivalences obtained in:

o J.M. Fernandez Vilaboa, R. Gonzalez Rodriguez, B. Ramos Pérez, A.B. Rodri-
guez Raposo: Modules over invertible 1-cocycles, Turkish J. Math. 70, 5146-5156
(2024).
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In this section we will assume that C admits equalizers. As a consequence every idem-
potent morphism in C splits, i.e., if g : M — M is a morphism in C such that g = gogq,
there exists an object /(q), called the image of g, and morphisms i : /(q) — M and
p: M — I(q) such that ¢ = iop and po i = idjq). The morphisms p and i will be
called a factorization of g. Note that /(g), p and i are unique up to isomorphism.

Definition

Let D be a coalgebra in C. The pair (M, pp) is a left D-comodule if M is an object in
Cand py: M — D ® M is a morphism in C satisfying

(ep ® M) o py = idy, (D ® pm)opm = (8 ®M)oppy.

Given two left D-comodules (M, pp) and (N, py), a morphism f : M — N in C is
a morphism of left D-comodules if (D ® f) o pyy = pn o f. Left D-comodules with
morphisms of left D-comodules form a category which we denote by PComod.
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Definition

Let D be a coalgebra such that there exits a coalgebra morphism e : K — D. Let
(M, pp) be a left D-comodule. We define the subobject of coinvariants of M, denoted
by MS°P | as the equalizer object of py and e ® M. Then, we have an equalizer diagram

Im
MgoD s N V] D® M

where j&, denotes the equalizer (inclusion) morphism.

Notation

If H is a Hopf algebra, the unit 7y is a coalgebra morphism. Then, Let (M, py) be a
left D-comodule, we will denote the equalizer object of pys and 1y ® M by M©H and
the equalizer morphism by j.

A\
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Definition

Let B be a non-unital bialgebra. A non-unital left B-Hopf module is a triple (M, op, pm)
where (M, ) is a non-unital left B-module, (M, pp) is a left B-comodule and

wmopy = (1B ® pm) o (B® cg g ® M) o (dg ® pm)

holds. Non-unital left B-Hopf modules with left linear and colinear morphisms form a
category which we denote by B-Hopf-mod.

Remark

| A\

The definition for left H-Hopf modules over a Hopf algebra H is similar changing non-
unital left H-modules by left H-modules. Then, in this case we will denote the category
of H-Hopf modules by H-Hopf-Mod.

o
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Let H be a Hopf algebra, it easy to show that, if (M, o, pp) is a left H-Hopf module,
the endomorphism gy : M — M, defined by

am = om0 (Ay @ M) o pym

is idempotent and satisfies pyy o gy = 1Ny ® qp. Therefore, there exists a unique

morphism
ty : M — MeH

such that
tm o jm = qum-

Let /(gm) be the image of the idempotent morphism gy and let ips : I(gm) — M and
pm @ M — 1(gnm) be the morphisms such that that gy = imopy and ppoiy = idi(qu)-
The morphism

Wy =ty oip: I(qM) = MeeH

is an isomorphism with inverse w,\_ﬂl = pm O Jjm-
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The object H® M is a left H-Hopf module with action

PH@MeH = HH ® MCOH

and coaction
pH®McoH = 5H ® MCOH-

The Fundamental Theorem of Hopf modules asserts that H ® M is isomorphic to M
in the category H-Hopf-Mod. The isomorphism is defined by

Oy =omo(H®jy): Ho M - M

where 9,\_41 =(H® ty) o pum-
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In the same way as in the case of M if X is an object in C, the tensor product
H ® X, with the action and coaction induced by the product and the coproduct of H,
is a left H-Hopf module. Then, there exists a functor

F=H® —:C — H-Hopf-Mod

called the induction functor.

Also, for all M € H-Hopf-Mod, the construction of M is functorial. Thus, there exists

a new functor
G = ( )" : H-Hopf-Mod — C,

called the functor of coinvariants, such that F 4 G.

Moreover, F and G induce an equivalence between the categories H-Hopf-Mod and C. )
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Definition

Let H = (H1, H2, o) be a Hopf truss. A left Hopf module over H (left H-Hopf module)
is a 4-tuple (M, w,lw,'t/;%/,,pM) such that:

(i) The triple (M,11,,42,) is a left H-module.
(ii) The triple (M, 1}, pi) is a left Hi-Hopf module.
(iii) The triple (M, sz,pM) is a non-unital left H>-Hopf module.
(iv) The identity ¥}, o (oy ® jum) = ¥2, 0 (H ® jy) holds.
A morphism of left Hopf modules over H is a morphism of left H-modules and left

H-comodules. Left Hopf modules over H with morphisms of left Hopf modules form a
category which we denote by H-Hopf-Mod.

Note that, this definition is a generalization to the Hopf truss setting of the notion of
Hopf module over a Hopf brace introduced in

o R. Gonzalez Rodriguez, The fundamental theorem of Hopf modules for Hopf
braces, Linear Multilinear Algebra 70, 5146-5156 (2022).
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Let X be an object in C and let H = (H1, H2,04) be a Hopf truss. Then, the 4-tuple
(H®X7¢[1-[®X = H/[l-[ ®X7wlz-l®x = N/2-1®X7PH®X = 6H®X)

is a left H-Hopf module.

Let H be a Hopf truss. There exists a functor V= H® — : C — H-Hopf, called the
induction functor, defined on objects by

V(X) = (H ® X, ¥hgx> Yigx: PHEX)

and on morphisms by V(f) = H® f.

<

Theorem (Fundamental Theorem of Hopf modules)

Let H be a Hopf truss and let (M, vpn,%¥m, pm) be an object in H-Hopf-Mod. Then
(M, w,lw, %,pﬂM) and V(M<) are isomorphic in H-Hopf-Mod.
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Let H be a Hopf truss. There exists a functor W = () : H-Hopf-Mod— C, called
the functor of coinvariants, defined on objects by

W((M, ¥}y, %3, pm)) = M=H,

where M = McH1 and on morphisms f : M — N by W(f) = f°H where feoHl —
f<H1 is the unique morphism such that jy o f°M1 = f o jy,.

Theorem

Let H a Hopf truss. The induction functor V= H ® — : C — H-Hopf-Mod is left
adjoint of the functor of coinvariants W = ()% : H-Hopf-Mod— C and they induce
a categorical equivalence between H-Hopf-Mod and C.

If we particularize the previous theorems to the case of Hopf braces we have the Funda-
mental Theorem of Hopf Modules and the associated categorical equivalence obtained
in
o R. Gonzalez Rodriguez: The fundamental theorem of Hopf modules for Hopf
braces, Linear Multilinear Algebra 70, 5146-5156 (2022).
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